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FOREWORD 


This  handbook  is  the  culmination  of  research 
performed  on  the  Covariance  Analysis  DEscrlb- 
ing  Function  Technique  (CADETTM)  during  a two- 
year  period  under  Contract  N00014-73-C-0213 , 
for  the  Office  of  Naval  Research.  The  Sci- 
entific Officer  who  monitored  and  encouraged 
this  investigation  was  Mr.  David  Siegel. 
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ABSTRACT 


The  Covariance  Analysis  Describing  Function 
Technique  (CADETTM)  __  a technique  conceived 
and  developed  at  TASC  for  the  efficient  direct 
statistical  analysis  of  nonlinear  systems  with 
random  inputs  — has  been  proven  to  provide 
accurate  tactical  missile  performance  projec- 
tions with  a small  fraction  of  the  computer 
time  expenditure  required  for  a comparably 
reliable  monte  carlo  analysis.  This  handbook 
is  a self-contained,  detailed  exposition  of 
the  application  of  CADET  to  the  missile-target 
intercept  problem.  The  broad  scope  of  this 
document  is  intended  to  permit  the  direct  analy- 
sis of  a wide  variety  of  nonlinear  and  random 
effects  in  missile  guidance  systems,  and  to 
facilitate  and  encourage  the  study  of  other  non- 
linear systems  via  CADET. 
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PROLOGUE  AND  LEADER ' S GUIDE 


The  development  of  a complex  weapon  system  with  stringent 
performance  specifications,  such  as  a tactical  missile,  generally 
requires  several  phases,  including  preliminary  design  and  feasi- 
bility studies,  decisions  concerning  implementation  of  various  sys- 
tem functions,  and  compensation  or  design  modification  to  obtain 
the  best  possible  system  performance  under  realistic  constraints. 

In  the  later  stages  of  development,  the  mathematical  system  model 
used  as  a basis  for  generating  system  performance  projections  in- 
evitably contains  nonlinear  effects  and  random  inputs.  Nonline- 
arity is  generally  associated  with  nonlinear  relations  inherent 
to  the  laws  of  physics,  unavoidable  hardware  nonlinearities , and 
essential  design  nonlinearities;  random  effects  may  include  noise 
(e.g. , thermal  effects),  sensor  measurement  errors,  random  inputs 
that  contain  information  required  by  the  system,  and  random  ini- 
tial conditions.  When  random  effects  are  significant,  some  sta- 
tistical measure  of  system  performance  is  required;  for  example, 
the  root -mean-square  (rms)  miss  distance  achieved  at  the  time  of 
target  interception  may  be  of  interest  in  assessing  the  capability 
of  a tactical  missile. 

The  traditional  approach  used  for  the  statistical  analysis 
of  the  performance  of  systems  with  significant  nonlinearities  has 
been  the  monte  carlo  method.  In  this  technique,  a large  number  of 
computer  simulations  (trials)  are  made  using  the  required  non- 
linear model  with  different,  randomly  chosen,  initial  conditions 
and  random  forcing  functions  generated  according  to  given  statis- 
tics. The  resulting  ensemble  of  simulations  provides  the  basis  for 
making  estimates  of  the  true  system  variable  statistics.  Asso- 

<r 

dated  with  the  monte  carlo  method  is  the  problem  that  a large 
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number  of  trials  is  required  to  provide  confidence  in  the  accuracy 
of  the  results;  an  ensemble  comprising  as  many  as  1000  trials 
may  be  needed  to  obtain  an  accurate  statistical  analysis  for 
a nonlinear  system.  Thus,  while  the  monte  carlo  method  may 
be  useful  for  obtaining  a few  evaluations  of  a system's  per- 
formance, it  is  not  a very  satisfactory  tool  for  conducting 
extensive  sensitivity  and  tradeoff  studies  for  different  values 
of  the  important  system  parameters,  or  for  conducting  detailed 
studies  of  nonlinear  effects  on  system  performance,  due  to 
the  large  expenditure  in  computer  time  required. 

The  limitations  of  the  monte  carlo  approach  for  ob- 
taining performance  projections  for  realistic  nonlinear  models 
of  tactical  missiles  strongly  motivated  the  development  of  a 
more  efficient  analytic  technique.  The  resulting  method- 
ology, conceived  by  the  technical  staff  at  TASC , has  proven 
to  be  an  exceptionally  powerful  means  for  directly  evaluating 
the  statistical  behavior  of  nonlinear  systems  with  random 
inputs  (Refs.  1 to  4).  For  reasons  that  will  become  obvious, 
this  method  is  referred  to  as  the  Covariance  Analysis  Describing 
function  Technique  (CADET™).  The  purpose  of  this  handbook  is 
to  present  detailed  instructions  to  facilitate  the  application 
of  CADET  in  studies  of  weapon  systems  performance . 

The  scope  and  intent  of  this  presentation  is  as  follows: 
Chapter  1 gives  the  theoretical  development  of  the  basic  equa- 
tions of  CADET,  both  for  continuous-time  and  mixed  continuous/ 
discrete-time  systems.  Chapter  2 provides  a step-by-step  exposi- 
tion of  the  CADET  procedure,  accompanied  with  computer  flow-charts. 
Chapter  3 is  a comprehensive  discussion  of  modeling  nonlinear 
effects  in  (he  missile-target  intercept  problem;  the  purpose  of 
this  material  is  threefold:  to  provide  the  basis  for  the  examples 
treated  herein,  to  expedite  future  -se  of  CADET  in  analyzing  tac- 
tical missile  performance,  and  to  provide  some  guidance  in 
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modeling  analogous  phenomena  that  may  occur  in  studying  other 
systems  having  similar  nonlinearities.  The  theory  and  practical 
application  of  quasi-linearization  is  treated  in  Chapter  4 ; exact 
and  approximate  methods  for  calculating  random  input  describing 
functions  are  presented,  accuracy  of  the  quasi-linear  approxi- 
mation is  considered,  and  some  sensitivity  issues  are  discussed. 
Chapter  5 (blue  pages)  provides  a broad  overview  of  the  application 
of  CADET  to  general  problems — touching  upon  philosophy  of  applica- 
tion, assessments  of  the  strong  points  and  limitations  of  CADET,  and 
a comparison  of  the  computational  efficiency  of  CADET  versus  the 
monte  carlo  method.  Finally,  three  appendices  are  included  to 
facilitate  the  use  and  evaluation  of  the  CADET  methodology:  a 
catalog  of  random  input  describing  functions,  a presentation  of 
extensions  of  CADET  that  permit  the  analysis  of  some  unusual  non- 
linear effects  that  cannot  be  treated  accurately  by  the  standard 
CADET  methodology  presented  in  Chapter  1,  and  a detailed  discus- 
sion of  the  application  and  reliability  of  the  monte  carlo  method. 

The  prerequisites  for  understanding  this  document  are 
introductory  modern  control  theory  (including  the  state-space 
formulation  of  system  models  in  terms  of  first-order  vector  dif- 
ferential or  differential/difference  equations,  and  the  asso- 
ciated vector-matrix  calculus),  and  elementary  random  process 
theory.  The  contents  of  this  handbook  have  been  chosen  to  satisfy 
the  requirements  of  a somewhat  diverse  audience.  For  this  rea- 
son, readers  of  differing  backgrounds  and  interests  will  find  that 
some  sections  are  of  greater  utility  than  others.  In  the  simplest 
case,  i.e.,  the  application  of  CADET  to  the  missile-target  inter- 
cept problem  treating  only  those  effects  discussed  in  Chapter  3, 
the  illustrative  examples  of  Chapter  2 and  the  random  input  de- 
scribing function  catalog  of  Appendix  A may  suffice.  For  those 
interested  in  the  theory  of  quasi-linearization  and  CADET,  Chap- 
ters 1 and  4 should  prove  to  be  valuable  adjuncts.  In  treating 
situations  that  require  the  quasi-linearization  of  nonlinearities 
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not  listed  in  Appendix  the  examples  and  principles  giv^n  in 
Chapter  4 establish  the  necessary  starting  point.  Finally, 

Appendix  C on  the  monte  carlo  method  provides  discussfon3  of  the 
theory  and  application  cf  the  technique  (and  of  its  potential 
pitfalls  in  the  analysis  of  nonlinear  systems),  and  establishes 
the  context  for  comparisons  between  monte  carlo  simulation  results 
and  CADET. 

While  the  primary  thrust  of  CADET  development  thus  far 
has  been  the  extension  and  refinement  of  an  efficient  tool  for 
the  statistical  evaluation  of  the  performance  of  missile  guidance 
systems,  the  overall  scope  of  CADET  is  evidently  much  more  general. 
The  system  model  based  on  a nonlinear  state  vector  differential/ 
difference  equation  with  random  inputs  is  of  broad  generality, 
being  descriptive  of  many  continuous  and  discrete-time  systems 
with  random  disturbances.  The  specific  nonlinear  effects  dis- 
cussed herein  are  by  no  means  restricted  in  occurrence  to  the 
missile-target  intercept  problem.  It  is  hoped  that  the  success 
of  the  research  presented  here  and  in  Refs.  1 to  4 will  encourage 
o"her  applications  of  the  CADET  concept. 
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THE  COVARIANCE  ANALYSIS  DESCRIBING 
FUNCTION  TECHNIQUE  (CADET) 


The  Covariance  Analysis  DEscribing  function  Technique 
(CADETTM)  iS  a method  for  directl;  determining  the  statistical 
properties  of  solutions  of  nonlinear  system  with  random  inputr.  , 
recently  conceived  and  developed  at  The  Analytic  Sciences  Corpo- 
ration (Refs.  1 to  4).  The  principal  advantage  of  this  technique 
is  that  it  greatly  reduces  the  need  for  monte  carlo  simulation, 
thereby  achieving  substantial  sa  ings  in  computer  processing  time. 
We  first  motivate  the  discussion  by  reviewing  the  covariance 
analysis  method  for  linear  systems;  then  we  develop  an  analogous 
procedure  (CADET)  for  the  nonlinear  case. 


1.1  COVARIANCE  ANALYSIS  FOR  LINEAR  SYSTEMS 

The  dynamics  of  a linear  continuous-time  stochastic  sys- 
tem can  be  represented  by  a first-order  vector  differential  equa- 
tion in  which  x(t)  is  the  system  state  vector  and  w(t)  is  a forc- 
ing function  vector, 


x(t)  = F(t)  x(t)  + G(t)  w(t) 


(1.1-1) 


where  we  assume  that  F(t)  and  G(t)  are  continuous  with  respect  to 
t;  Fig.  1.1-1  illustrates  the  equation.  The  state  vector  is  com- 
posed of  any  set  of  variables  sufficient  to  describe  the  behavior 
of  the  system  completely.  The  forcing  function  vector  w(t) 
represents  disturbances  as  well  as  control  inputs  that  may  act 
upon  the  system.  In  what  follows,  the  forcing  function  w(t)  is 
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ft-ntu 


Figure  1.1-1  Representation  of  the  Continuous-Time 

Linear  Dynamic  System  Equations 


assumed  to  be  composed  of  a mean  or  deterministic  value  b(t)  and 
a random  component  u(t),  the  latter  being  comprised  of  elements 
which  are  uncorrelated  in  time;  that  is,  u(t)  is  a "white  noise" 
process  having  the  spectral  density  matrix  Q(t).  Thus  w(t)  is 
specified  by* 

w(t)  « b(t)  + u(t) 

E [w(t>]  - b(t)  (1.1-2) 

E £u(t)  uT(t)]  - Q(t)  6(t-T) 


Similarly,  the  state  vector  has  a deterministic  component  m(t) 
and  a random  part  r(t);  for  simplicity  m(t)  will  generally  be 
called  the  mean  vector.  The  state  vector  x(t),  then,  is  described 
statistically  by  its  mean  vector  and  covariance  matrix, 


x(t)  = m(t)  + r(t) 
m(t)  = E [x(t)] 


(1.1-3) 


* 

E denotes  ensemble  expectation,  or  average  value;  a super- 
script T denotes  the  transpose  of  a vector  or  matrix;  6(t-x) 
is  the  Dirac  delta  function. 
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P(t) 


T 

rl(t) 


J 


( 1 . 1-3 ) (Cent ) 


Henceforth,  the  time  dependence  of  the  variables  w,  b,  u,  Q,  x, 
m,  r and  P will  not  be  explicitly  denoted  by  (t),  unless  required 
for  clarity. 


The  differential  equations  that  govern  the  propagation 
of  the  mean  vector  and  covariance  matrix  for  the  system  described 
by  Eq.  (1.1-1)  can  be  derived  directly,  as  demonstrated  in  Ref.  5, 
to  be 


m = F(t)  m + G(t)  b 
P * F(t)  P + PFT( t ) + G(t)  QGT( t ) 


(1.1-4) 


The  first  and  second  moments  of  the  system  response  are  completely 
determined  by  integrating  the  above  vector  and  matrix  differential 
equations,  Eq . (1.1-4),  when  the  initial  conditions,  m(0)  and 
P(0)*,  are  specified.  The  elements  of  m represent  the  effects  of 
deterministic  initial  conditions  and  biases  due  to  determin- 
istic system  inputs  (b  f 0).  The  diagonal  elements  of  P are 
the  mean  square  values  of  the  random  components  of  the  state 
variables,  and  the  off-diagonal  elements  represent  the 
degree  of  correlation  between  the  random  components  of  the 
various  state  variables. 

Equation  (1.1-4)  provides  a direct  method  for  analyzing 
the  statistical  properties  of  x.  This  is  to  be  contrasted  with 
the  monte  carlo  method,  where  many  sample  trajectories  of  x are 
calculated  from  computer-generated  random  noise  and  initial  con- 
ditions, using  Eq.  (1.1-1).  The  moments  m and  P are  then  esti- 
mated by  averaging  over  the  ensemble  of  trajectories  generated  in 
the  monte  carlo  procedure.  Note  that  Eq.  (1.1-4)  leads  to  exact 

* ——————— 

The  initial  time  can  be  taken  to  be  t * 0 with  no  loss  in 
generality. 
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solutions  for  m ar.H  P,  to  within  computer  integration  accuracy, 
whereas  the  monte  carlo  method  yields  approximate  solutions  tor 
any  finite  number  of  simulations.  Furthermore,  the  mean  and  co- 
variance  equations  need  be  solved  only  once  over  the  time  interval 
of  interest,  whereas  Eq.  (1.1-1)  must  be  solved  repeatedly  using 
the  monte  carlo  technique;  consequently  the  direct  analytical 
method  is  not  only  exact,  but  is  also  generally  the  most  efficient 
technique  for  analyzing  linear  systems.  With  this  observation  as 
motivation,  we  proceed  to  describe  a methodology  whereby  the  sta- 
tistics of  a nonlinear  syste.i  can  be  computed  approximately  using 
recursive  relationships  similar  in  form  to  those  of  linear  co- 
variance  analysis,  Eq . (1.1-4);  the  monte  carlo  method  is  treated 
in  greater  depth  in  Appendix  C. 


1.2  COVARIANCE  ANALYSIS  FOR  NONLINEAR  SYSTEMS 

The  nonlinear  counterpart  of  Eq.  (1.1-1)  treated  in  this 
presentation  is 

x - £(x,t)  + G(t)  w (1.2-1) 

Figure  1.2-1  depicts  this  equation.  The  input  and  state  vectors 
are  again  characterized  by  the  quantities  b,  Q and  m,  P,  respec- 
tively, given  in  Eqs.  (1.1-2)  and  (1.1-3). 


K-11S02 
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It  may  seem  restrictive  to  have  the  random  inputs  enter 
the  system  differential  equation  linearly  as  in  Eq.  (1.2-1). 
However,  if  a system  is  of  the  form 


x - f(x.jr.t) 


(1.2-2) 


and  j is  a correlated  random  process  that  can  be  represented  as 
a random  vector  satisfying 


i - fn(£.t)  + Gn(t)  w 


(1.2-3) 


where  w is  the  sum  of  suitable  vectors  of  deterministic  variables, 
b,  and  white  noise  processes,  u,  we  can  rewrite  Eq.  (1.2-2)  using 
the  augmented  state  vector  x„ , 

— H 


X 4 pL 

■a  L y J 


^n(y-'t) 


°n(t> 


(1.2-4) 


Observe  that  ^ is  thus  considered  t,o  be  a component  of  the  state 
vector,  comprised  of  ’’noise  states".  This  procedure  places  the 
apparently  more  general  problem  of  £qs.  (1.2-2)  and  (1.2-3)  in 
the  format  given  in  Eq.  (1.2-1);  since  all  physically  realizable 
random  processes  arc  correlated,  the  assumption  that  ^ is  de- 
scribed by  Eq.  (1  * 3)  is  not  particularly  restrictive.  For  con- 
venience we  thus  consider  Eq.  (1.2-1)  to  be  the  basic  system 
model,  with  no  significant  loss  in  generality. 

The  statistical  differential  equations  that  correspond 
to  Eq . (1.1-4)  can  be  shown  to  be  (Ref.  5) 
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if)  ■ E £ f(X,t)]  ♦ G(  t )b 

ft  f ♦ C(t)b  (1.2-5) 

^>  - E [f  rTJ  + IS  £r  fT]  ♦ G(t,)QGT(t) 

The  first  equation  is  the  direct  analog  of  the  mean  differential 
equation  of  Eq.  (1.1-4),  since  we  observe  that  f la  simply  F(t)m 
in  the  linear  case.  The  nonlinear  covariance  equation  can  be 
represented  in  the  same  format  as  indicated  in  Eq.  (1.1-4)  by 
defining  the  auxiliary  matrix  N, 

NP  A E £f(x,t)  rTJ 

t 

Then  Eq . (1..  -5)  may  be  written  as 
m » ? + G(t)b 

P « NP  > PNT  + G( t )QGT( t ) 

The  relation  in  Eq.  (1.2-8)  generally  provides  an  explicit  defi- 
nition of  N, 

N - E £f(x.O  rTJ  P"1  (1,2-8) 

since  P is  usually  positive  definite*  and  thus  a unique  P~* 
exists . 

The  derivation  of  Eq.  (1.2-5)  is  based  directly  on  the 
principles  of  covariance  analysis,  Ref.  5.  We  observe,  however, 

Often  the  initial  condition  P(0)  is  only  positive  semi- definite , 
in  which  case  the  pseudoinverse  of  P(0)  could  be  used  in  Eq. (1.2-8). 
As  shall  be  shown  subsequently,  Eq.  (1.2-8)  is  only  formal,  in  the 
sense  that  it  is  almost  never  used  to  evaluate  N (refer  to  Eq. 
(1.2-10)  and  Section  4.1). 


(1.2-6) 


(1.2-7) 
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that,  the  vector  ^ and  matrix  N defined  in  Eqs.  (1.2-5)  and  (1.2-6) 
are  Identical  to  the  quantities  which  provide  a minimum  mean  nquare 
error  quasi-llncar  approximation  to  the  nonlinearity  i(&.t).  It 
can  be  shown  (refer  to  Section  4.1)  that  the  approximation 

f(x,t)  * f + N(x  - m) 

A 

with  £ and  N specified  by  Eqs.  (1.2-5)  and  (1.2-6)  yields  the  best 
linear  approximrt ion  in  the  sense  that 

e A f(x,t)  - f - N( x - m) 

satisfies  the  condition 


E 


minimum 


for  any  positive  semi-definite  matrix  S.  The  intimate  relation 
between  the  well-established  describing  function  theory  (Ref.  6) 
and  Eq.  (1.2-6)  has  permitted  the  rapid  development  of  an  approxi- 
mate nonlinear  covariance  analysis  technique  based  on  Eq.  (1.2-7) 
called  CADET  — the  Covariance  Analysis  Describing  Function  Tech- 
nique. Henceforth,  we  shall  refer  to  if  as  the  expectation  vector 
and  N as  the  quasi-llnear  system  dynamics  matrix. 

The  quantities  j[  and  N defined  in  Eqs.  (1.2-5)  and  (1.2-6) 
must  be  determined  before  we  can  proceed  to  solve  Eq.  (1.2-7). 
Evaluating  the  indicated  expected  values  requires  Knowledge  of  the 
Joint  probability  density  function  (joint  pdf)  of  the  state  vari- 
ables. While  it  is  possible,  in  principle,  to  evolve  the  n- 
dimensional  joint  pdf  p(x,t)  for  a nonlinear  system  with  random 
inputs  by  solving  a set  of  partial  differential  equations  known 
as  the  Fokker-Planck  equation  or  the  forward  equation  of  Kolmogorov 
(Rel.  5),  this  procedure  is  generally  not  practically  feasible. 

The  fact  that  p(x,t)  is  not  available  precludes  the  exact  solu- 
tion of  Eq.  (1.2-7). 
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One  procedure  for  obtalr.  Ing  an  approximate  solution  to 
Eq . (1.2-7)  is  to  assume  the  form  of  the  Jol.it  probability  den- 

A 

sity  function  of  the  state  variables  ir.  order  to  evaluate  f and  N 
according  to  Eqs.  (1.2-5)  and  (1.2-6).  Although  it  is  possible 
to  use  any  Joint  pdf,  all  of  CADET  development  to  date  has  been 
based  on  the  assumption  that  the  state  variables  are  jointly 
normal ; this  choice  was  made  because  it  is  both  reasonable  and 
convenient . 

While  the  above  assumption  is  strictly  true  only  for 
linear  systems  driven  by  gaussian  inputs,  it  is  often  approxi- 
mately valid  in  nonlinear  systems  with  nongaussian  inputs.  Al- 
though the  output  of  a nonlineality  with  a gaussian  input  is 
generally  nongaussian,  it  is  known  from  the  central  limit  theorem 
that  random  processes  tend  to  be  made  gaussian  when  passed  through 
low-pass  linear  dynamics  ("filtered").  Thus,  we  rely  on  the 
linear  part  of  the  system  to  Insure  that  nongaussian  nonlinearity 
outputs  result  in  nearly  gaussian  system  variables  as  signals 
propagate  through  the  system.  By  the  same  token,  if  there  are 
nongaussian  system  inputs  which  are  passed  through  low-pass  linear 
dynamics,  the  central  limit  theorem  can  again  be  invoked  to  jus- 
tify the  assumption  that  the  state  variables  are  approximately 
Jointly  normal.  The  validity  of  the  gaussian  assumption  for  non- 
linear systems  with  gaussian  inputs  has  been  extensively  studied 
and  verified;  nongaussian  random  inputs  have  not  been  considered. 

From  a pragmatic  viewpoint,  the  gaussian  hypothesis  serves 
to  simplify  the  mechanization  of  CADET  significantly  by  permitting 
each  scalar  nonlinear  relation  in  f.(x,t)  to  be  treated  in  isola- 
tion, with  f and  N formed  from  the  individual  random  input  describ- 
ing functions  (ridf's)  for  each  nonlinearity.  Since  ridf's  have 
been  catalogued  in  Ref.  6 for  several  classes  of  nonlinearities 
encountered  in  a broad  spectrum  of  practical  problems,  the 
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implementation  of  CADET  is  a straightforward  procedure  for  the 
analysis  of  many  nonlinear  systems.  We  also  note  that,  under  the 
gnussiun  assumption,  the  random  input  describing  functions  can 
be  calculated  directly  from  the  mean  vector,  m.  and  the  covariance 

a 

matrix,  P,  of  the  system  state  vector.  Thus,  we  write  _f  and  N 
in  the  form 


f - f(m,P,t) 
N « N(m ,P , t ) 


(1.2-9) 


As  a corollary  to  the  above  observations,  we  have  the  result 
( Re f . 7 ) that 


N(m,P , t ) - ^ f (1.2-10) 

Since  calculating  _£  is  required  for  the  propagation  of  the  mean 
(Kq.  (1.2-7)),  it  is  generally  much  easier  to  employ  Eq.  (1.2-10) 
thun  to  evaluate  N directly  using  Eq. (1.2-6).  Quasi-linearization 
and  the  random  input  describing  function  are  treated  in  some 
detail  in  Chapter  4 . 

Relat  ions  of  the  form  indicated  in  Eq.  (1.2-9)  permit 
the  direct  evaluation  of  2 and  N at  each  integration  step  in  the 
propagation  of  m and  P,  as  illustrated  in  Fig.  1.2-2.  We  note 
that  the  dependence  of  _f  and  N on  the  statistics  of  the  state  vec- 
tor is  due  to  the  existence  of  nonlinearities  in  the  system.  With- 
out nonlinear  effects,  the  propagation  of  the  mean  and  covariance 
is  "uncoupled,"  as  in  Eq . (1.1-4). 

To  demonstrate  the  ease  with  ,/hich  CADET  can  be  mech- 
anized under  the  gaussian  assumption,  we  consider  a low-order  sys- 
tem model  lor  the  missile-target  intercept  problem  having  a sJngle 
nonlinearity  in  Section  2.2.  All  of  the  steps  involved  in  per- 
forming statistical  analysis  via  CADET  are  illustrated  in  detail. 
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Figure  1.2-2  Nonlinear  Covariance  Analysis  — CADET 

A comparison  of  quasi-linearization  with  the  classical 
Taylor  series  or  small-signal  linearization  technique  provides  a 
groat  deal  of  insight  into  the  success  of  the  ri(  f in  capturing 
the  essence  of  nonlinear  effects.  Small-signal  linearization  for 
a scalar  nonlinear  element  f(x)  is  based  on  the  identification  of 
a nominal  operating  point  (in  this  context,  the  mean  value  of  x, 
denoted  m ) and  the  evaluation  of  the  slope  of  the  nonlinearity 

A 

at  that  value;  then  the  approximation  is  made  that 

f(x)  s f(mx)  + f’(mx)  (x  - mx)  (1.2-11) 

which  represents  the  first  two  terms  of  a Taylor  series  expan- 
sion about  the  given  operating  point,  as  illustrated  in  Fig.  1.2-3 

3 

for  the  example, y = x . While  this  is  a useful  approach  if  excur- 
sions from  the  nominal  are  small,  the  validity  of  the  Taylor  series 
approximation  is  questionable  when  x is  a random  variable  which  can 
exhibit  large  variations  about  its  mean  value. 
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Figure  1.2-3 


Taylor  Series  Linearization  of 
y = about  mx  = 1 


By  contrast,  the  quasi-linear  representation  of  a non- 
linearity is  sensitive  to  the  input  amplitude  in  some  sense;  in 

the  case  of  random  inputs,  the  statistics  m = E fx~|  and 
2 x J 

Px  - E £(x-mx)  J provide  the  measure  of  input  amplitude.  For  the 

example  y = x3,  where  x is  a gaussian  random  process,  we  calculate 

the  describing  functions  in  Section  4.3  (Eq.  (4.3-7))  to  be 

f - (3?x  + 4)  mx 

n - 3 (px  + mjj) 

so  the  nonlinearity  is  approximated  by 

x3  s ^3px  + mx)  mx  + 3^px  + (x  - mx)  (1.2-12) 

Comparing  Eqs.  (1.2-11)  and  (1.2-12),  we  see  that  the  describing 
function  gains*  depend  on  both  the  mean  and  variance  of  x,  as 
indicated  in  Fig.  1.2-4,  while  the  coefficients  in  the  Taylor 
series  approximation  do  not. 


In  treating  single-jnput  nonlinearities,  it  is  sometimes  con- 
venient to  consider  f/mx  to  be  the  mean  component  "gain". 
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li- Linearization  for  m„«i 
Taylor  Series  Linearization  obout  mx«t' 
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Figure  1.2-4 


0 1 

(b)  Random  Component  Gain 

Quasi-Linearization  of  y = xJ  for 
Unity  Input  Mean 
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1.3  CONTINUOUS /DISCRETE-TIME  SYSTEMS 

Preceding  sections  of  this  chapter  have  treated  continuous 
time  nonlinear  systems;  i.e.,  those  that  are  governed  by  differen- 
tial equations.  However,  in  many  practical  applications,  the  sys- 
tem may  include  a digital  computer  whose  operations  are  expressed 
in  terms  of  difference  equations,  as  illustrated  in  Fig.  1.3-1. 

Such  a structure  arises  in  missile  guidance  systems  when  digital 
control  laws  are  used  to  generate  acceleration  commands,  for  ex- 
ample. In  this  section,  equations  are  briefly  developed  for  propa- 
gating the  mean  and  covariance  of  a nonlinear,  mixed  continuous/ 
discrete  system.  Systems  which  are  wholly  discrete  can  be  treated 
as  special  cases  of  the  following  discussion. 

The  equations  of  motion  for  a system  of  the  type  shown  in 
Fig.  1.3-1  are  expressed  in  mixed  dif ferential/dif ference  equation 
format.  In  the  continuous-time  phase  (between  sampling  instants, 
t^,  k = 1,2,...)  the  digital  computer  is  inactive,  and  the  state 
variables  of  the  system  satisfy  an  equation  of  the  form 
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Figure  1.3-1 


An  Example  of  a Mixed  Continuous/ 
Discrete  System 
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(1.3-1) 


where  x(;(t)  refers  to  the  continuously-varying  states  in  the  sys- 
tem, and  x^t)  is  a collection  of  discrete-time  states  (e.g., 
states  in  the  digital  computer)  which  remain  unchanged  between 
the  sampling  times.  Under  the  assumption  that  the  state  variables 
are  jointly  normal,  the  statistics  between  sampling  instants  can 
be  propagated  using  a straightforward  extension  of  the  standard 
CADET  equations  (Eq.  (1.2-7))  as  follows: 
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where  N(i  is  the  quasi-]  inear  system  dynamics  matrix  for  the 
con  I.  i nuous- 1 ime  slate  variables,  defined  by 


N 


c 


(x,t) 


which  is  of  dimension  (nc  x n);  n is  the  total  number  of  state 
variables  and  n,  is  the  number  of  continuously-varying  states. 
The  continuous-time  vector  of  white  noise  processes  wc(t)  is 
described  statistically  by  the  mean  vector  b and  spectral 
density  matrix  Qc  as  before  (refer  to  Eq.  (1.1-2)). 

Observe  that  describing  functions  for  a nonlinear  time- 
invariant  function  of  gaussian  discrete-time  states  alone  need 
not  be  evaluated  continuously  since  the  statistics  of  the 
discrete-time  states  are  constant  in  the  interval  t^  < t £ tk+l‘ 
As  a special  case,  if 

!c(x,t)  = fx  (xc,t)  + (2  (x^  (1.3-3) 

c ' c 


then  Nc  may  be  partitioned  into  two  parts, 

Nc(m,P,t)  = ^NCl(mc,PCc,t)| NC2(md,Pdd)J 
where  m and  P are  correspondingly  partitioned  into 


- “ 

i 

m 

P 1 P . 

— c 

cc  i cd 

, P = 

Jt  ' ^ 

.~d_ 

P » P 

_ cd  i dd_ 

(1.3-4) 


(1.3-5) 


Since  md  and  Pdd  are  constant  during  the  continuous-time  phase, 
the  matrix  NCg  is  also  constant. 

At  a sampling  time,  tjc+^ , the  digital  computer  performs 
a calculation  which  can  be  represented  as  a difference  equation, 
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VC1>' 

-c(  Lk-H) 

0 

id(-(tk+1),tk+1)_ 

+ 

_Gk+l-k+l_ 

where  the  superscript  (+)  denotes  the  new  values  of  the  state 
variables  just  after  a sampling  instant.*  The  vector  wk+1 
represents  a discrete-time  random  quantity  that  can  enter  the 
digital  calculation  as  a result  of  sensor  measurement  noise , quanti- 
zation, etc.  It  is  assumed  that  has  a mean  of  bk+^  and  a 

covariance  matrix  Q-K+^*  Observe  that  in  Eq.  (1.3-6)  xc  remains 
unchanged,  since  variables  that  satisfy  differential  equations 
cannot  change  instantaneously  in  time.  Situations  where  it  is 
reasonable  to  assume  that  a cont inuous-time  variable  can  change 
"almost  instantaneously"  as  a result  of  a digital  operation  can 
be  treated  by  decomposing  that  variable  into  components  that  are 
strictly  continuous  (an  element  of  xc)  and  digital  (an  element 
of  xd) , so  the  condition  that  * xc(+^+i)  represents  no 

loss  in  generality. 


Because  the  mean  and  covariance  of  x and  x , at  t.  . - are 

— c ^ — a k+i 

known  from  Eq.  (1.3-2),  t.he  expectation  vector  and  quasi-1  inear 
system  dynamics  matrix  corresponding  to  ^ in  Eq.  (1.3-5)  can 
be  evaluated.  Thus  we  can  rewrite  the  discrete-time  part  of  Eq . 
(1.3-6)  approximately  as 


5>(tk+1) 


] 


Gk+1— k+1 


(1.3-7) 


From  Eq. (1.3-7)  it  follows  that  the  mean  and  covariance  of  the  sys- 
tem states  just  after  the  discrete-time  calculation  are  given  by 


The  discrete-time  operation  actually  takes  place  between  t^+i  and 
tk+1  + c . In  this  discussion  it  is  assumed  that  e is  negligible  in 
comparison  with  the  time-scale  of  the  continuous-time  dynamics, 
although  finite  computational  delays  can  be  treated  in  a straight- 
forward manner. 
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-c(tk+l*  " -c*lk+l* 


= L 


P<lkU>  = 


i ! o 

--l--p<tk+i> 

Nd 


■* 

o 

+ - - 
0 


Gk+lQk+lGk+l 


(1.3-8) 


After  evaluating  Eq . (1.3-8),  m(t^+^)  and  P(t^+^)  are  the  initial 
conditions  for  propagating  the  mean  vector  and  covariance  matrix 
over  the  next  cont inuous-t ime  phase  using  Eq . (1.3-2).  Thus  by 
alternately  implementing  the  continuous-time  and  digital  mean 
vector  and  covariance  matrix  propagation  equations,  Eqs.  (1.3-2) 
and  (1.3-8),  the  performance  of  a nonlinear  system  described  by 
a mixed  differential/difference  equation  can  be  evaluated. 

The  developments  discussed  in  this  chapter  provide  the 
necessary  tools  for  analyzing  the  performance  of  a broad  class  of 
nonlinear  systems  with  random  inputs.  The  efficiency  realized  by 
CADET  has  made  it  an  attractive  technique  for  performing  sensi- 
tivity studios  and  investigations  of  the  impact  of  nonlinear 
effects  on  the  accuracy  of  tactical  missile  guidance  systems;  it 
is  anticipated  that  CADET  will  prove  to  be  equally  powerful  in 
treating  other  nonlinear  systems. 
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CADET  APPLICATION:  SIMPLE  ILLUSTRATIONS 


In  this  chapter  we  demonstrate  many  of  the  details  that 
are  involved  in  the  application  of  CADET  to  a practical  problem 
involving  the  statistical  evaluation  of  the  performance  of  a non- 
linear system  with  random  inputs.  Simplified  formulations  of  the 
missile-target  intercept  problem  are  treated,  with  guidance  modules 
that  are  either  analog  or  digital;  the  corresponding  CADET  equa- 
tions are  obtained;  and  their  solution  — to  establish  the  evo- 
lution of  the  system  variable  statistics  during  a given  scenario  — 
is  outlined  in  computer  flow-chart  format. 

2.1  MISSILE-TARGET  EQUATIONS  OF  MOTION 

This  section  treats  '.he  basic  differential  equations 
describing  the  motion  of  a tactical  missile  and  a target  to  be 
intercepted.  In  subsequent  sections,  examples  of  two  types  of 
guidance  modules  are  considered  — continuous-time  (analog)  and 
discrete-time  (digital)  — to  provide  the  basis  for  detailing  the 
L 'DET  methodology,  both  for  systems  represented  entirely  by  dif- 
ferential equations  and  for  systems  described  by  mixed  differential/ 
difference  equations.  In  order  to  obtain  a system  model  which  is 
simple  enough  to  permit  a clear  presentation  of  the  step-by-step 
procedure  entailed  in  the  use  of  CADET,  we  reduce  the  planar 
missile-target  intercept  problem  to  its  bare  essentials.  Chapter  3 
provides  a more  detailed  discussion  on  modeling  the  missile-target 
intercept  problem;  here  we  present  only  a summary  of  the  required 
dynamic  equations. 

The  coordinate  frame  and  the  basic  variables  are  por- 
trayed in  Fig.  2.1-1.  Here  we  consider  variations  about  a head-on 
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Figure  2.1-1 


Missile-Target  Planar  Intercept  Geometry 


intercept,  i.e.,  the  missile  lead  angle,  0^,  and  target  aspect 
angle,  9 , are  assumed  to  be  small.  For  the  purpose  of  illustra- 

a 

ting  the  mechanization  of  CADET,  we  make  the  following  approxi- 
mations based  on  small-angle  assumptions: 


1 I 


• The  down-range  separation,  x,  and  missile- 
target  range,  r,  are  deterministic,  given 
approximately  by 

x(t)  a r(t)  a (v  +v  )(T-t) 

(2 

£ (v  +v+)  t 
m t ' go 

whne  T is  the  nominal  terminal  time  (time  of 
intercept),  tgo  is  the  time-to-go,  and  vm  and 
vt  are  the  constant  missile  and  target  velocity 
magnitudes,  respectively. 

• The  lateral  or  cross-range  separation,  y,  is 
determined  by  the  missile  and  target  lateral 
accelerations,  am  and  at  respectively,  as  in 
Eq.  (3.5-14) 


(2.1-1) 


y a a. -a 
' t m 


(2.1-2) 


The  autopilot  and  airframe  dynamics  are  repre- 
sented by  a linear  plant,  modeled  by  a transfer 
function  with  a single  dominant  pole  at  s=-l/r, 
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followed  by  an  ideal  limiter,  to  model  the  air- 
frame saturation  effect.  Thus  the  unlimited 
missile  lateral  acceleration  Kn  satisfies  the 
differential  equation 


(2.1-3) 


where  ac  is  the  acceleration  command  generated 
by  the  guidance  module,  and  the  limited  value, 
am,  is  given  by 


am  * * ( am ) 


> 

amaxsign(®m)’ 


IK 


m 1 


< a, 


max 


> a. 


max 


(2.1-4) 


• The  target  acceleration,  a^ , is  the  sum  of  a 
deterministic  variable  and  a band- limited 
gaussian  process  satisfying 


&t  + wt  at  * w(t) 


(2.1-5) 


where  wt  is  the  target  maneuver  bandwidth.  The 
random  input  w is  described  by 


E [w(t)]  - b(t) 

E C(w(t)-b(t))(w(x)-b(T))3  " q(t)  6(t-r) 


(2.1-6) 


where  b is  the  deterministic  component  of  the 
input  and  q is  the  spectral  density  of  the  white 
noise  process,  w - b. 


Given  the  preceding  simplified  equations  of  motion,  we  complete 
the  missile-target  intercept  model  by  considering  simple  examples 
of  the  two  basic  classes  of  guidance  modules:  continuous-time  and 
digital . 


2.2  THE  CONTINUOUS-TIME  CASE:  PROPORTIONAL  GUIDANCE 


The  acceleration  command  dictated  by  the  classical  pro- 
portional guidance  law  (refer  to  Section  3.5.1)  is  given  by 


a„  * n ' v § 
c c 


(2.2-1) 
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where  n'  is  the 'navigation  ratio  (a  constant,  here  taken  to  be  3), 
vc  Is  the  closing  velocity,  which  in  the  present  scenario  is 
approximately  given  by  the  sum  of  the  missile  and  tarret  veloci- 
ties , 

vc  4 r(t)/tgo  * vm  + vt  (2.2-2) 

and  5 is  the  angular  rate  of  the  line-of-sight  (LOS)(Fig.  2.1-1). 
Using  the  assumptions  made  in  Section  2.1,  Eq.  (2.2-1)  can  be 
reformulated  to  yield  the  approximation 

+ v)H  + v)  (2-2-3) 

where  6 denotes  n’/Ttgo  for  notational  simplicity.  The  complete 
system  model  based  on  the  foregoing  assumptions  and  development 
is  portrayed  in  Fig.  2.2-1. 


R-I4J34 


PROPORTIONAL  GUOANCE 


Figure  2.2-1 


Simplified  Missile-Target  Intercept 
Model  With  Continuous-Time  Guidance 
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The  state  voctor  differential  equation  associated  with 
Fig.  2.2-1  is  given  by 


V 

" 0 

1 

0 

0 “ 

' 0“ 

'O’ 

0 

0 

0 

+1 

-1 

0 

X - 

A 

- 

x + 

f(x3)  + 

*3 

8 

-1/T 

0 

0 

0 

_*4_ 

0 

m 

0 

0 

-“t. 

0 

1 

Im  wJ 

A Fx  ♦ df(x3)  + g w(t)  (2.2-4) 

From  the  statistics  of  the  input  to  the  limiter, 
m3  - E [x3] 

r3  " x3  ” m3  (2.2-5) 

°l  - E [ri] 


we  can  directly  evaluate  the  scalar  random  input  describing  func- 
tions (ridf's)  used  in  the  quasi-linear  representation  for  the 
limiter  f (X3) , 


f(x3)  a f + nr3 

as  derived  in  Example  3 of  Section  4.3: 


(2.2-6) 


n - PI 


(*£>)  * « (“) 


'J' n.ax+m3\  „ /Wm3\' 

- 0 ^rvj 


- 1 


(2.2-7) 


- m. 


The  functions  G(v)  and  PI(v>  are  defined  in  Eq.  (4.3-13);  they 
are  the  standard  functions  used  in  quasi-linearizing  piecewise- 
linear  elements  (Ref.  6).  Many  computer  scientific  subroutine 
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packages  have  uvuilublc  tho  subroutine  "KRF(v>",  in  which 


case 


PI(v) 


" * (l  + ERP  fe)) 


G(v)  - vPI(v)  ♦ e 


S*2 


(2.2-8) 


permits  direct  calculation  of  f and  n.  Given  the  two  constituents 
of  the  quasi-linear  representation  of  the  limiter  indicated  in 
Eqs.  (2.2-6)  and  (2.2-7),  we  substitute  into  Eq.  (2.2-4)  to  get 


f ■ Fm  + df 


p/tKO  8 -1/T 


(2.2-0) 


Finally,  from  the  input  statistics,  b and  q,  the  dif- 
ferential equations  and  initial  conditions  that  approximately 
govern  the  propagation  of  the  state  vector  deterministic  com- 
ponent ("mean")  and  covariance  matrix  are  given  by  Eq. (1.2-7): 


A - f + £ b; 


m(°)  ■ HIq 


“ NP  + PNT  + £ gTq;  P(C)  - Pf 


(2.2-10) 


The  CADET  methodology  utilizes  the  preceding  relations  to  deter- 
mine the  time  histories  of  the  mean  vector,  m,  and  covariance 
matrix,  P,  over  the  duration  of  an  ensemble  of  engagements 
(0  £ t <_  T).  Any  standard  numerical  integration  technique  may 
then  be  need  to  solve  Eq . (2.2-10).'  The  structure  of  a computer 
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program  to  carry  out  the  CADET  analysis  of  tactical  missile  per- 
formance is  indicated  in  Fig.  2.2-2. 

The  results  of  a CADET  and  monte  carlo  statistical  anal- 
ysis of  the  performance  of  the  preceding  missile  guidance  system 
(obtained  from  Ref.  1)  are  depicted  in  Fig.  2.2-3.  Since  the  rms 
lateral  separation  between  the  missile  and  target  is  of  primary 
importance  in  assessing  tne  ability  of  the  missile  to  Intercept 
the  target,  only  that  variable  is  portrayed.  The  white  noise  in- 
put spectral  density,  q,  was  chosen  to  be  a constant  yielding  an 

2 

rms  target  lateral  acceleration  of  160  ft/sec  , the  bandwidth 
was  assumed  to  be  1 rad/sec,  and  the  autopilot  time  constant  t 
was  taken  to  be  1 sec.  All  initial  conditions  (m0  and  Pq)  were 
zero. 

This  missile  performance  study  considered  three  levels 
of  airframe  saturation.  In  Fig.  2.2-3a,  the  linear  case  cor- 
responding to  an  infinite  acceleration  command  limit  is  shown; 
here,  CADET  reduces  to  the  standard  linear  covariance  analysis 
(Section  1.1)  which  is  exact,  and  the  200-trial  monte  carlo 
analysis  provides  an  adequate  approximation  to  this  result.  For 
the  study  of  Fig.  2.2-3b,  the  restriction  that  the  missile  lateral 
acceleration  cannot  exceed  322  ft/sec^  leads  to  a five-fold  in- 
crease in  o at  the  terminal  time,  here  taken  to  be  10  sec;  the 
CADET  and  monte  carlo  approximate  solutions  are  in  good  agree- 
ment. Even  in  the  case  where  the  missile  lateral  acceleration 
constraint  is  very  severe  (amaj;  = 32.2  ft/sec^),  causing  a further 
l .rge  decrease  in  missile  capability  as  shown  in  Fig.  2.2-3c,  the 
CADET  solution  is  verified  by  the  monte  carlo  analysis. 

Thus  we  observe  that  the  direct  statistical  analysis  via 
CADET,  implemented  according  to  Fig.  2.2-2,  quite  accurately  cap- 
tures the  effect  of  a significant  nonlinearity  in  the  missile- 
target  intercept  problem.  This  investigation  is  performed  with 
an  expenditure  of  computer  time  that  is  a small  fraction 


Figure  2.2-2  Flow  Chart  for  the  Direct 

Statistical  Analysis  of  a 
Continuous-Time  System 
via  CADET 
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(a)  Linear  Case,  a = °° 
max 


<c)  Severe  Limiting,  a„  = 32.2  ft/sec2 
nnax 


Figure  2.2-3  Performance  Projections  for  Various  Levels 

of  Airframe  Acceleration  Saturation 


(approximately  1/100)  of  tnat  required  for  an  accurate  monte  carlo 
study.  Furthermore,  the  effect  of  decreasing  missile  performance 
caused  by  airframe  saturation  is  completely  beyond  the  scope  of 
linear  covariance  analysis,  which  requires  the  small-signal  line- 
arization of  the  saturation  nonlinearity,  i.e..  replacing  ftxg) 
by  a unity  linear  gain,  regardless  of  the  saturation  level.  Con- 
sequently the  small-signal  linearization  approach  completely  ob- 
scures the  nonlinear  effect  and  leads  to  a quite  over-optimistic 
prediction  of  missile  performance  when  compared  to  a more  realistic 
assumption  — e.g.,  that  am  cannot  exceed  322  ft/sec^,  as  evident 
in  Figs.  2.2-3a  and  2.2-3b. 
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2.3  GUIDANCE  SYSTEMS  WITH  DIGITAL  DATA  PROCESSING 


In  some  guidance  systems,  discrete-time  measurements  of 
certain  system  variables  are  made  available  to  a computer  for 
data  processing  purposes;  acceleration  commands  are  then  calcu- 
lated (in  an  on-line  mode  by  use  of  a suitable  algorithm)  which 
are  used  to  control  the  missile.  In  this  presentation,  we  assume 
that  the  available  signal  is  a noisy  sampled  measurement  of  LOS 
angle,  0,  so  we  have  the  sequence  of  values  given  by 


+ v.  , 


k - 1,2, . . 


(2.3-1) 


at  the  sampling  instants,  t^  = kTg,  where  Tg  is  the  sampling 
period.  The  zero-mean  white  noise  sequence,  v^.,  is  quantified 
by  its  variance 


°v  - E 


K] 


(2.3-2) 


Generally,  the  random  effects  modeled  by  this  sequence  include 
external  inputs  (e.g. , jamming)  and  measurement  error.  In  light 
of  the  small  angle  conditions,  we  use  the  approximation 


6 a y/r  ft  x1 /r 


(2.3-3) 


where  r is  deterministic,  given  by  Eq.  (2.1-1),  and  xx  is  the 
state  variable  representing  y,  Fig.  2.2-1. 

Based  on  the  information  provided  by  the  measurement 
sequence  z^,  the  computer  algorithm  is  often  of  the  form 


-d(tk}  " Fd.k  -d(tk)  + — kzt 


(2.3-4) 
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(cf.  Section  3.5.2  for  the  design  of  a guidance  module  based  on 
the  Kalman  filter  and  optimal  control  theory)  where  is  the 
vector  of  digital  states,  comprised  of  variables  which  are  stored 
in  memory  and  up-dated  according  to  Eq.  (2.3-4)  as  each  new  mea- 
surement zk  is  made  and  processed.  The  matrix  k and  vector 
k^,  which  may  vary  from  one  digital  operation  to  the  next,  are 
specified  by  the  filter  algorithm.  The  difference  equation, 

Eq.  (2.3-4),  in  combination  with  the  initial  condition  xdQ  deter- 
mines the  time-histories  of  x^. 

A typical  control  law  (again,  refer  to  Section  3.5.2) 
then  specifies  an  acceleration  command,  ac  given  in  Eq.  (2.1-3), 
that  is  a linear  combination  of  the  digital  states, 


£k  5d(tk>' 


tk  - t - tk+l 


(2.3-5) 


This  relation  completes  the  des  iption  of  the  overall  system 
model,  depicted  in  Fig.  2.3-1. 


RANDOM  w _ 

i 

Lirwl 

l 

y 

i 

y 

i 

INPUT  "“*■ 

S + 

rVn 

S 

• 

MM 

CONTINUOUS- TIME 
STATE  VARIABLES: 

*1  s y 
»2  * y 


** 

om 

1 

«-  I 

1 ♦ *T 

1 

LU 

R -16329 

DIGITAL  GUIDANCE  SYSTEM 

MEASUREMENT 

NOISE 

J.vk 


CONTROL 

GAINS 


COMPUTER 

ALGORITHM 

(EO.l2.3-4)) 


'DIGITAL  STATE 
VARIABLES 


Figure  2.3-1 


Simplified  Missile-Target  Intercept 
Model  With  Digital  Guidance 
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The  mixed  continuous/discrete-time  system  depicted  in 
Fig.  2.3-1  and  represented  by  the  total  state  vector 

*T  - [*c  i 4]  (2'3-6> 

satisfies  a differential/difference  equation  of  the  form  treated 
in  Section  1.3.  Corresponding  to  this  division  of  state  vari- 
ables into  continuous-time  and  digital  states,  we  have 


m » 

‘ 5?c  ‘ 

, P - 

rp  , p 1 

*cc  | *cd 
~T" 

. . 

Pcd  ! Pdd 

The  nonlinearity  fC®^)  given  in  Eq.  (2.1-4)  falls  in 
the  continuous-time  dynamics;  its  argument  is  a continuous  state 
variable,  Xg.  Thus  quasi-linearization  proceeds  as  in  Eqs.(2.2-6) 
through  (2.2-8).  We  can  then  determine  the  matrix  N and  vector 
f , required  for  the  propagation  of  m and  P during  the  continuous- 
time  phase  (Eq.  (1.3-2)): 

0 1 0 

0 0 -n 

0 0 -1/t 

0 0 0 

m2 

(m4-f ) 

(-m3+c£md)/T 

-“tm4 

These  quantities  are  all  that  are  required  for  the  propagation 
of  m and  P between  sample  times  according  to  Eq.  (1.3-2), 
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Le  £ 

--  v --  b 
0 0 


M [ T 1 

— p + p nt;o 

_°  J [ \ 


T i ' 

£ 0 

+ ----4 — q 


(2.3-9) 


where  b and  q are  the  deterministic  component  and  the  spectral 
density  of  the  random  component  of  the  random  input,  respectively, 
as  defined  in  Eq.  (2.1-6),  and  g is  given  in  Eq.  (2.2-4). 

In  the  present  example,  the  digital  operation  taking 
place  in  the  infinitesimal  interval  (t^.t^)  has  been  formulated 
as  a single  linear  time-varying  difference  equation,  Eq.  (2.3-4). 
Recalling  that 


Zk  - x1(tk)/r(tk)  + vk 


(2.3-10) 


we  obtain 


*d(t£>  * *k  j 2 


- nh  k *Ok)  + ‘£k',) 


5c(tk> 


?d  k + ^kVk 

a,K  vl'tl 


(2.3-11) 


The  change  in  m and  P during  the  digital  phase  of  operation  (as 
given  in  Eq . (1.3-8))  is  then 


, I . 0 

n>(tj  = ---•— 

K M 


m(  tk ) * Nkm(1:k) 


p(tk>  * v<v  Nk + 


( 2 . J-12) 


°X*l 
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Implementation  oi  the  CADET  equations  given  above  (Eqs.  (2.3-9) 
and  (2.3-12))  is  portrayed  in  computer  flow-chart  format  in 
Fig.  2.3-2. 

We  observe  that  the  difference  equation  satisfied  by 
the  digital  states  is  linear  time-varying,  so  the  matrix 
(Eq.  (2.3-11))  contains  no  describing  functions.  If  it  is  neces- 
sary to  include  nonlinear  effects  in  the  discrete-time  portion  of 
the  system  model,  one  must  evaluate  appropriate  random  input 
describing  functions  to  be  substituted  in  the  vector  f^  and 
matrix  (Eq.  (1.3-7));  some  added  complexity  is  entailed  in 
this  case. 

The  examples  Tiven  in  Sections  2.2  and  2.3  illustrate 
the  fundamentals  involved  in  the  application  of  CADET  to  pro- 
vide assessments  of  the  performance  of  a tactical  missile  repre- 
sented by  a simple  low-order  system  model  with  one  significant 
nonlinear  effect.  CADET  has  been  successfully  applied  to  system 
models  of  considerably  higher  order  and  complexity  (refer,  for 
example,  to  Table  5.1-1).  The  flow  charts  shown  in  Figs.  2.2-2 
and  2.3-2  accurately  reflect  the  methodology  used  in  the  more 
complex  problems. 
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Figure  2 


Flow  Chart  for  the  Direct 
Statistical  Analysis  of  a Mixed 
Continuous/Discrete-Time  System 
via  CADET 
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I.  MODEL  DEVELOPMENT  FOR  THE 

MISSILE-TARGET  INTERCEPT  PROBLEM 


This  chapter  presents  mathematical  models  which  describe 
various  subsystems  required  in  treating  the  general  missile- 
target  intercept  problem.  The  material  included  here  summarizes 
the  nonlinear  effects  that  have  been  treated  in  past  CADET  appli- 
cations (Refs.  1 to  4).  The  aims  of  this  presentation  are  to  aid 
future  users  of  CADET  in  analyzing  tactical  missile  performance, 
and  to  provide  some  guidance  in  modeling  analogous  phenomena  that 
may  occur  in  the  simulation  of  other  nonlinear  systems  with  ran- 
dom inputs. 


3.1  ELEMENTS  OF  THE  MODEL 

The  overall  interconnection  of  the  subsystems  which 
comprise  the  missile-target  intercept  model  is  indicated  in 
Fig.  3.1-1.  The  principal  variables  are  shown  as  outputs  of  the 
appropriate  blocks,  and  random  disturbances  are  denoted  w^ . 
Detailed  models  underlying  each  input-output  relationship  are 
given  in  subsequent  sections  of  the  chapter.  Observe  that  the 
models  developed  here  are  of  considerably  greater  realism  than 
those  used  in  the  illustrative  examples  of  Chapter  2,  although 
the  basic  closed-loop  guidance  system  is  of  the  same  structure. 


i" 


* 


3.2  THE  MISSILE-TARGET  KINEMATICS  MODEL 

The  missile-target  engagement  presented  here  is  restricted 
to  the  terminal  homing  phase  in  a planar  intercept  configuration. 


3-1 


4 


AUTOPILOT  COUPLING 


i 

i 


! 


I *• 


SEEKER 

3 


NOISY 
LOS  ANGIE 
RATi,i) 


GUIDANCE 

LAW 


ACCELERATION 

COMMAND,* 


AUTOPILOT 

AND 

AlRPRAME 


SEEKER 
NOISE, 


RANGE 
DEPENDENT 
NOISE  MOOEL 


measurement 

ERROR,  ^ 


RANDOM  EPPECTS 


RANGE, r 


LOS  ANGLE, 6 


RANGE,  r,  or 
RANGE  RATE.P 


MISSILE  - TARGET 
KINEMATICS 


TARGET  LATERAL 
ACCELERATION, «t 


RANDOM  w. 

TARGET i 

MOTION 


TARGET 

n 

MODEL 

■aJf 

MISSILE  LATERAL  ACCELERATION.  am 


INITIAL 

CONDITIONS 


Figure  3.1-1  Basic  System  Block  Diagram 


An  inertial  coordinate  system  is  defined  by  the  positions  of  the 
missile  and  target  at  the  initiation  of  the  terminal  homing  phase 
(taken  to  occur  at  t ■ 0);  the  missile  is  at  the  origin  and  the 
line-of-sight  (LOS)  to  the  target  defines  the  x-axis  at  t » 0 
(see  Fig.  3.2-1).  The  coordinate  frame  moves  with  the  missile, 
without  rotation;  by  definition,  we  designate  x and  y,  respectively, 
to  be  the  instantaneous  down-range  and  cross-range  missile-target 
separation.  Expressing  the  separation  in  polar  coordinates,  the 
relations 
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define  the  instantaneous  range  and  LOS  angle  of  the  target.  Th«* 
angles  0^  (missile  lead  angle)  and  0ft  (target  aspect  angle)  spe- 
cify the  orientation  of  the  missile  and  target  velocity  vectors 
with  respect  to  the  x-axis,  and  0 defines  the  direction  of  the 

V A 

missile  acceleration  vector  with  respect  to  the  velocity  vector; 
by  convention,  0fc,  0ft  and  0y&  are  positive  in  the  directions  de- 
fined in  Fig.  3.2-1. 


Figyre  3.2-1  Target-Missile  Planar 

Intercept  Geometry 


In  deriving  the  equations  of  motion,  it  can  often  be 
assumed  that  the  micnile  and  target  velocity  vector  magnitudes 
are  constant,  or,  equivalently,  that  the  missile  and  target 
acceleration  vectors  are  normal  to  the  velocity  vectors  (e.g., 

6va  ls  90  Agrees  in  Fig.  3.2-1).  This  condition,  which  neglects 
the  effect  of  drag,  is  representative  of  many  mi? sile-target 
engagement  situations  during  the  critical  last  few  seconds. 

Under  this  assumption,  the  lateral  acceleration  of  either  vehicle 
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produces  a rotutlon  of  tho  corresponding  velocity  vector,  given 
by 


(3.2-1) 


The  equations  describing  the  relative  motion  of  the  target  are 
determined  by  projecting  the  velocity  vectors  onto  the  axes 
shown  in  Fig.  3.2-1;  in  terms  of  the  velocity  magnitudes  vm  and  v^. , 


x - -vm  cos  ( 0 ^ ) - vt  cos  (0R) 
y ■ -vm  sin  (0^)  + vt  sin  (0R) 


(3.2-2) 


Equation  (3.2-2)  represents  the  essential  nonlinearities  inherent 
to  the  missile-target  kinematic  relationship;  the  overall  kine- 
matic equations  are  portrayed  in  block  diagram  form  in  Fig. 3. 2-2. 


R'11393 


Figure  3.2-2  Block  Diagram  Formulation  of 

Missile-Target  Kinematics 
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In  situations  where  drag  effects  are  not  negligible,  the 

missile  velocity  vector  magnitude  will  vary  with  time  (according 

to  a nonlinear  differential  equation)  due  to  the  fact  that  a is 

— m 

not  normal  to  v (9„„  f 90  deg).  Thus  v_  must  be  treated  as  a 
— m va  ' m 

state  variable  and  the  velocity  vector  rotation  is  given  by  the 
nonlinear  relation 

ftm 

a*  - ~ sin  <0va)  (3.2-3) 

m 

This  case  is  discussed  in  greater  detail  in  Section  3.4. 


3.3  THE  TARGET  MODEL 

The  model  representing  the  target  behavior  is  based  on 
the  assumption  that  the  target  velocity  has  constant  magnitude 
with  a direction  described  by  the  aspect  angle,  9 . shown  in  Fig. 

a 

3.2-1.  The  aspect  angle  is  determined  by  the  target  lateral 
acceleration,  at , as  indicated  in  Eq.  (3.2-1).  A commonly-used 
target  maneuver  model  represents  target  lateral  acceleration  as 
a correlated  gaussian  process  derived  from  a gaussian  white  roise 
input  by  one  stage  of  low-pass  filtering.  In  differential  equa- 
tion formulation,  we  have* 

kt  " “wt  at  + w5  (3.3-1) 

This  relation  and  the  equivalent  low-pass  filter  representation 
are  depicted  in  Fig.  3.3-1 

By  adjusting  the  values  of  target  maneuver  bandwidth, 
u>t , and  rms  level,  oat,  a wide  range  of  target  maneuver  charac- 
teristics can  be  represented.  The  instantaneous  target  maneuver 


* 

The  five  white  noise  inputs  to  the  system  are  simply  denoted 
w j , j « 1,2,..., 5,  to  correspond  with  Fig.  3.1-1. 
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lb)  Tranita  Function  Formulation 


Figure  3.3-1  Band-Limited  Gaussian  Noise  Model 

for  Target  Lateral  Acceleration 

rms  level  Is  determined  by  the  spectral  density,  q&  , of  the  rar- 
dom  Input  Wg  and  the  initial  condition  on  oat;  for  example,  if 
qg  is  constant  and 


then  the  rms  level  of  the  target  acceleration  is  constant  through- 
out the  engagement, 

°at  = /q5/2wt  (3.3-3) 

It  is  important  to  note  that  the  autocorrelation  func- 
tion and  the  corresponding  power  spectral  density  for  a poisson 

2 

square  wave  — i.e.,  a square  wave  that  switches  between  ±oatft/sec 
with  random  poisson-distributed  switching  times  having  an  average 
of  u)t/2  zero-crossings  per  second  (Ref.  8)  — are  identical  to 
those  of  the  above  gaussian  process,  although  the  associated  proba- 
bility density  functions  are  quite  different.  The  poisson  model 
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is  often  used  to  represent  target  evasive  or  "jinking"  maneuvers. 
The  poisson  square  wave  can  only  take  on  values  of  ± °a^.  HO  uf 
any  given  time  its  probability  density  function  (pdf)  consists  of 
impulses  with  a weighting  of  0.5  at  plus  and  minus  oat»  whereas 
the  above  markov  process  is  assumed  to  have  a gaussian  amplitude 
distribution.  Therefore,  the  response  of  an  amplitude  dependent 
nonlinear  operator  could  be  quite  different  when  driven  by  each 
of  these  two  signal  forms.  However,  if  the  random  square  wave  is 
passed  through  a narrow-band  filter  or  integrator,  its  pdf  would 
experience  broadening  due  to  the  filter's  finite  bandwidth.  In 
the  case  of  an  integrator,  for  example,  the  resulting  wave  shape 
would  be  a series  of  linear  segments  of  constant  slope.  By  appli- 
cation of  the  central  limit  theorem,  as  discussed  in  Ref.  8,  the 
distribution  of  the  output  of  a linear  subsystem  approaches  the 
gaussian  density  function  as  the  number  of  stages  of  filtering  it 
represents  increases.  In  this  case,  the  relative  target  position, 
given  by  x and  y in  Fig.  3.2-2,  are  of  particular  interest  in 
assessing  the  performance  of  a tactical  missile;  these  variables 
are  two  integrations  removed  from  at . Thus,  although  the  poisson 
square  wave  may  in  some  situations  be  a more  realistic  target 
maneuver  model,  we  take  advantage  of  the  statistical  similarity 
of  the  gaussian  process  and  the  poisson  square  wave  and  the  exis- 
tance  of  kinematic  dynamics  to  justify  representing  this  random 
effect  by  a band-limited  gaussian  process,  which  simplifies 
CADET  analysis. 


3.4  THE  AUTOPILOT- AIRFRAME  MODEL 

In  accordance  with  the  assumption  that  the  missile  and 
target  trajectories  are  confined  to  a plane,  we  describe  the 
missile  airframe  orientation  by  the  variables  depicted  in  Fig. 
3.4-1.  This  figure  establishes  the  sign  convention  of  each  quan- 
tity; each  variable  is  positive  as  shown.  Note  that  we  are 
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particularizing  the  airframe  model  at  this  point  by  discussing  tho 
tai 1 -controlled  tactical  missile;  this  is  done  to  provide  a con- 
crete model  for  consideration,  not  to  exclude  other  configura- 
tions. The  primary  airframe  variables  are: 

• Angle  of  attack,  ot 

• Control  surface  deflection,  6 

• Missile  body  angle,  0m 

• Missile  velocity  vector,  v^ 

• Missile  acceleration  vector,  a 


The  velocity  vector  is  specified  by  its  normal  and  longitudinal 

components,  v and  v.  respectively,  or  by  its  magnitude,  v , and 
**  X/  in 

angular  relation  to  the  original  line-of-sight  (missile  lead  angle), 
Similarly,  the  acceleration  vector  is  defined  in  terms  of  its 
normal  and  longitudinal  components,  a and  a respectively,  or  by 

II  JG 

its  magnitude,  am,  and  angular  relation  to  the  velocity  vector, 

0va-  We  neglect  gravity  effects,  tacitly  assuming  that  the 
intercept  plane  is  horizontal  or  that  the  missile  has  perfect 
gravity  compensation. 

R-1623B 

y-AXIS 


Figure  3.4-1 


Geometric  Definition  of  Intercept- 
Plane  System  Variables 
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3.4.1  Linear  Airframe  Dynamics 

In  a general  situation,  the  differential  equations  ex- 
pressing the  airframe  dynamics  are  nonlinear  and  time-varying  due 
to  the  dependence  of  the  airframe  parameters  on  variations  in 
altitude,  angle  of  attack,  Mach  number  and  other  factors.  How- 
ever, we  first  consider  a linearized  model  of  the  airframe  dynamic 
equations , 


3 ■ M 0 + M at  + M.6 

m q m a 6 

& « 6 - L a - L.6 

m a 5 


(3.4-1) 


where  the  constants  , M , M. , L and  L.  represent  the  airframe 

q a 6 a 6 

stability  derivatives.  The  latter  are  obtained  from  the  nonlinear 
airframe  parameters  by  making  the  following  assumptions: 


• Missile  velocity  is  constant  (drag  effects 
are  negligible  over  the  period  of  time  con- 
sidered; ^ is  normal  to  ^ or  0Vfl  = 90  deg). 

• Altitude  remains  nearly  constant. 

• The  center  of  pressure,  mass  and  inertia  of 
the  missile  are  constant. 

• Lift  force  and  moments  are  linearly  related 
to  changes  in  angle  of  attack  about  some  trim 
condition  and  to  control  fin  deflection. 

• Fin  effectiveness  is  independent  of  angle 
of  attack. 


The  output  of  the  airframe  model  is  the  missile  lateral  accelera- 
tion magnitude,  which  is  given  by 


a = v_  0 0 = v (§  -6t) 

m ms,  m m 


= v (L  a + L . 6 ) 
m a 5 


(3.4-2) 
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where  v is  the  magnitude  of  the  missile  velocity  vector.  The 
m 

physical  basis  of  the  linear  airframe  dynamic  equations  is  treated 
in  more  detail  in  Section  3.4-2  (refer  to  Eq.  (3.4-16)). 

The  missile  treated  here  is  steered  by  control  fin  de- 
flection. Assuming  that  the  actuator  dynamics  are  linear  and  of 
first  order,  we  have 

6 = -p6  + pu(t)  (3.4-3) 

where  u(t)  represents  a commanded  fin  deflection  and  1/y  is  the 
actuator  time  constant.  For  typical  values  of  the  stability 
derivatives  in  Eq.  (3.4-1),  the  missile  airframe  will  exhibit  an 
underdamped  or  even  an  unstable  response  to  a commanded  fin  de- 
flection. Acceptable  control  is  achieved  by  introducing  feedback 
compensation  in  the  fin  deflection  command, 

u(t)  - - [kca0  - ka(a,„/vm)  - kbej  (3.4-4) 

where  a is  the  commanded  acceleration  provided  by  the  guidance 
module  (see  Section  3.5).  The  parameter  k is  chosen  to  give  unity 
steady  state  gain  from  ac  to  am,  and  Kb  and  kft  are  chosen  to  give 
the  desired  transient  response.  A complete  block  diagram  of  the 
compensated  linear  missile  dynamic  equations  is  shown  in  Fig. 

3.4-2. 


For  ready  assessment  of  the  compensated  missile  airframe 

dynamics  in  the  linear  case,  it  is  convenient  to  use  a transfer 

function  formulation  of  the  model.  Given  two  outputs,  a and  6 , 

m m 

we  desire  to  obtain  g^(s)  and  gg(s)  to  Provide  the  input-output 
relations  indicated  in  Fig.  3.4-3.  Utilization  of  standard  block 
diagram  reduction  techniques  shows  that  the  dynamics  indicated 
in  Fig,  3.4-2  are  equivalent  to  the  transfer  function  formulation 
depicted  in  Fig.  3.4-3,  where 
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Figure  3.4-2  Compensated  Missile  Airframe  Dynamics 
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Figure  3.4-3  Transfer  Function  Definition 

of  the  Compensated  Missile 
Airframe  Dynamics 
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(3.4-6) 


The  indicated  transfer  function  coefficients  are  given  by 


°1  * >{<ka+kb><L{Mc,-  W‘M„-  L M„1 
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(3.4-7)(Cont . ) 

!! 


The  aerodynamic  coefficients  used  in  any  given  study  are 
chosen  to  correspond  to  the  specified  intercept  conditions.  For 
example,  if  the  engagement  occurs  at  35,000  ft.,  with  a missile 
velocity  magnitude  vm  = 3000  ft/sec,  airframe  data  taken  from 
Ref.  10,  Vol.  II,  Appendix  H serves  as  a typical  case.  The  com- 
pensating gains  ka,  k^  and  kc  (Eq.  (3.4-4))  are  set  to  achieve  a 
suitable  damped  airframe  response.  These  parameters  and  the 
corresponding  transfer  function  coefficients  are  given  in  Table 
3.4-1.  The  fact  that  e^,  e ^ and  e3  do  not  all  have  the  same 
algebraic  sign  demonstrates  that  g^(s)  has  a right  half  plane 
zero,  which  is  characteristic  of  the  tail-controlled  missile  con- 
figuration depicted  in  Fig.  3.4-1. 


3.4.2  Nonlinear  Airframe  Dynamics 

In  scenarios  requiring  significant  missile  maneuvers, 
nonlinear  aerodynamic  effects  can  have  a considerable  impact  on 
homing  guidance  system  performance.  In  the  most  general  case, 
the  differential  equations  of  motion  contain  expressions  that 
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TABLE  3.4-1 

EXAMPLE  OF  COMPENSATED  LINEAR  MISSILE 
AIRFRAME  DATA  IN  THE  TERMINAL  HOMING  PHASE 


Parameter 

Symbol 

Value 

Actuator  Lag 
Time  CoDstaat 

l/w 

0.0S33  sec 

M. 

-0.463  sec"1 

Q 

M_ 

-5.81  sec"2 

Aerodynamic 

a 

u 

-73,0  sec-2 

Coefficients 

■4 

0.379  sec-1 

L4 

0.070  sec"1 

1.03  sec 

Compensating 

Gains 

“b 

0.188  sec 

*c 

0.476*  10“3  sec^/ft 

°1 

720.0  sec"3 

eg 

275.3  sec-2 

03 

18.3  sec"1 

Transfer 

Ol 

0.240  sec-2  ft-! 

Functl  n 
Coefficients 

da 

0.642  sec-1  ft"1 

•1 

720.0  sec"3 

ea 

-0.865  sec "2 

«3 

-1.87  sec"1 

Transfer 

■1 

-3.16  sec-1 

Function 

■a 

-7.56  + 13. Oj  sec"1 

Poles 

83 

-7.56  - 13. 0J  sec"1 

involve  nonlinear  functions  of  the  following  fundamental  param- 
eters : 

• angle  of  attack 

• missile  velocity  and  Mach  number 

• control  surface  deflection 

• air  density 

• center  of  pressure  for  missile  body 

• missile  mass 

• missile  moment  of  inertia 

• missile  center  of  gravity  location 
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The  development  of  a nonlinear  aerodynamic  model  requires 
a somewhat  greater  degree  of  specificity  than  that  needed  for  the 
general  discussion  of  the  linear  case  given  above.  For  this  rea- 
son, we  confine  our  attention  to  a missile  modeling  problem  that 
is  similar  to  that  detailed  in  Ref.  3.  The  resulting  nonlinear 
model  is  typical  of  tail-controlled  cruciform  missile  airframe 
dynamics  under  the  conditions  noted  below. 

During  the  terminal  intercept  phase,  the  missile  is  as- 
sumed to  be  in  a gliJv  m . ue  of  operation,  corresponding  to  a thrust 
force  of  zero.  ConseqVi.  a ly , missile  mass,  moment  of  inertia,  and 
center  of  gravity  ire  constant  and  need  not  be  considered  as  vari- 
ables in  the  airframe  equations.  The  assumption  that  the  inter- 
cept plane  is  nearly  horizontal  in  the  last  few  seconds  of  an 
engagement  implies  that  the  free  stream  air  density,  p^,  and  the 

speed  of  sound,  v , are  constants.  The  latter  condition  allows  us 

s 

to  use  missile  velocity,  v , and  Mach  number,  vm/vs,  interchange- 
ably. The  variables  of  the  required  nonlinear  airframe  equations 
of  motion  are  then  defined  in  Fig.  3.4-1. 


The  lateral  component  of  missile  acceleration,  a^ , results 
from  the  lateral  aerodynamic  force  which  is  assumed  to  be  separable 
into  contributions  and  F^^  due  to  nonzero  angle  of  attack 

and  fin  deflection,  respectively.  Similarly,  the  axial  component 
of  missile  acceleration,  a , is  due  to  the  axial  force  contributions 

Gl 

Faaot  ant*  F*fd  ^ue  to  a an(*  T^e  Positive  sense  of  a^  is  chosen 
to  correspond  to  the  sense  of  the  lateral  forces  produced  by  posi- 
tive a and  <5,  respectively,  and  the  positive  sense  of  aa  corres- 
ponds to  positive  drag.  Letting  m denote  the  mass  of  the  missile 
during  the  terminal  intercept  phase,  the  acceleration  components 
a^  and  aft  can  be  expressed  in  terms  of  these  force  components  as 


a, 


'aot 


(’ 


a 


+ F, 


+ F 


aot 


'fd 


‘td 


)/■ 

)/ 


(3.4-8) 
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It  is  then  a simple  derivation  (Ref.  3)  to  show  that 


$ + — 
m mv 


m 


(’ 


a 


+ F 


aot 


fd 


^ Sin  01  ” y 


+ F. 


cos  a 


aot 


fd, 


(3.4-9) 


The  differential  equation  for  body  angular  rate,  6,  is 
obtained  from  the  summation  of  the  moments  acting  about  the  body 
principal  axis.  The  body  lateral  force  Fjjaot  acting  on  the  air- 
frame at  the  body  center  of  pressure,  and  the  control  surface  lateral 
force  acting  at  the  center  of  pressure  for  the  tail  are  primary 

contributions  to  the  moment  equation.  Other  aerodynamic  moments 
may  also  be  significant;  for  example,  rotation  of  the  missile  body 
produces  a moment  that  is  sometimes  not  negligible.  Letting 
denote  the  missile  moment  of  inertia  about  the  body  axis  and  letting 
da  and  dfi  denote  the  respective  moment  arms  through  which  the  forces 
F)iaot  and  Fafd  act  ’ the  exPression  for  the  missile  body  angular 
acceleration  is 


+ m. 


(3.4-10) 


The  rate  of  change  of  the  magnitude  of  the  velocity  vec- 
tor can  be  obtained  from  the  projection  of  the  body  acceleration 
components  onto  the  velocity  vector.  This  procedure,  followed  by 
the  substitution  of  Eq . (3.4-8),  yields 


vm  ~ ~ m. 


{ F + F } cos  a + [ ] 
\ aaot  af d / \ 


+ F, 


aot 


fd 


^ sin  a 


(3.4-11) 


The  above  lateral  and  axial  forces  are  in  themselves  a 
source  of  nonlinearity.  For  example,  they  are  proportional  to 
the  dynamic  pressure,  q^,  given  by 


3-15 


THE  ANALYTIC  SCIENCES  CORPORATION 


<).  • 5 (3-4-la> 

« 

The  dependency  of  the  forces  on  a and  6 is  also  nonlinear;  how 
the  relations  are  modeled  would  depend  on  the  particular  missile 
under  consideration  and  the  range  of  a and  6 of  interest.  The 
study  in  Ref.  3 obtained  realistic  results  with  the  following 
truncated  double-power-series  expansion  formulation: 

Flaot  ' klvm  i1  + klla2)(l  + k12vm ) a 

Flfd  " Vm  (*  + k21c‘2)(1  + “22  vm)  * 

(3.4-13) 

Faaf)t  “ k3vm  (*  * k3l“Z)(1  + k32vm) 

Fafd  " k4vm  (1  + k41vm  + k42vm)  ^ 

These  relations  can  be  directly  substituted  into  Eqs.  (3.4-9)  and 

(3.4-11).  The  moment  equation,  Eq.  (3.4-10),  requires  further 

consideration  because  while  the  moment  arm  d^  may  be  considered 

constant  (since  the  variation  in  the  fin  center  of  pressure  is 

small  in  comparison  to  its  nominal  magnitude),  the  moment  arm  d^ 

is  generally  a function  of  a and  v ; the  combined  nonlinear  moment 

m 

term  Fiaotda  can  be  realistically  modeled  by  (Ref.  3) 

Ftaotda  - k5(l  + k51vm  ) a + ke(1  + k61vm)  0,3  (3-4‘14) 

The  body  rate  moment  contribution  to  Eq.  (3.4-10),  m^,  is  gener- 
ally small  with  respect  to  the  force  components,  so  it  can  often 
be  adequately  represented  by  a linear  term, 

m - -I,  110  (3.4-15) 

q b q m 

where  then  corresponds  to  the  stability  derivative  defined  in 
the  body  rate  term  in  Eq.  (3.4-1). 
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A further  simplification  of  the  basic  aerodynamic  dif- 
ferential equations,  Eqs.  (3.4-9)  to  (3.4-11),  can  be  achieved 
by  making  suitable  small-angle  approximations  to  the  trigonometric 
functions  involved;  this  entails  truncating  the  series 

1 3 

sin  a " a + g a + . . . 

. 1 2 

cos  a “ 1 — k a + . . . 

at  a point  consistant  with  the  range  of  a and  the  accuracy  of  the 
nonlinear  representation  of  the  normal  and  longitudinal  forces, 

Eq.  (3.4-13).  The  basic  equations  then  contain  only  terms  of  the 
form  for  which  quasi-linear  gains  may  be  derived  directly 

using  Cases  1 to  3 of  Section  4.3.2;  many  results  of  this  form 
are  given  in  Appendix  A. 

To  relate  the  nonlinear  model  to  the  linear  case  given 
in  Eq.  (3.4-1),  we  observe  that  the  linear  terms  of  Eqs.  (3.4-9) 
to  (3.4-14)  with  vm  taken  to  be  constant  are  equivalent  if 

\ ■ S [kl(1  + klavr'>-k3  (1  + k32V] 


L«  * -5T  (1  + k22vm> 


“o  - - I"  (1  + k51vm> 
b 


M5  - ' TT  (1  + k22vm>  d« 
b 


(3.4-16) 


The  nonlinear  model  of  the  autopilot-airframe  module  is 
completed  by  deriving  a formulation  of  the  control  fin  actuator 
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dynamics  and  compensation.  A simple  linear  model  tor  this  func- 
tion is  given  in  Eqs.  (3.4-3)  and  (3.4-4),  viz. 


5 • -p6  + Mu(t) 

u - - k a„  - k - k.  § I 
Lee  at  b mj 


(3.4-17) 


with  typical  parameter  values  given  in  Table  3.4-1.  If  there  are 
significant  nonlinear  effects  to  be  modeled,  such  as  actuator 
saturation,  hysteresis,  nonlinear  friction  or  the  like,  then  it 
may  be  necessary  to  develop  a much  more  detailed  representation. 
An  example  of  a complete  autopilot/airframe  model  in  which  con- 
trol fin  actuator  saturation  is  included  is  depicted  in  Fig. 
3.4-4. 


3.5  THE  GUIDANCE  SUBSYSTEM  MODEL 

The  operation  of  the  guidance  module  may  be  separated 
into  two  cascaded  functions : filtering  of  the  signals  obtained 
from  the  seeker  in  order  to  reduce  the  effect  of  measurement  noise, 
and  control  of  the  missile  lateral  acceleration  on  the  basis  of 
the  filtered  measurements.  There  are  a number  of  filtering  and 
control  schemes  that  can  be  used  in  tactical  missile  design,  as 
reported  in  Refs.  9 and  10.  The  systems  that  result  may  be  di- 
vided into  analog  guidance  modules  in  which  the  missile  accelera- 
tion command  is  obtained  by  standard  analog  techniques  which  may 
be  modeled  using  continuous- time  dynamic  equations,  and  digital 
guidance  modules  in  which  filtering  is  accomplished  using  discrete- 
time data  processing  techniques,  including  sophisticated  algorithms 
based  on  modern  estimation  theory  (extended  Kalman  filters),  and 
the  control  function  may  be  based  on  optimal  control  theory.  In 
this  section,  we  treat  the  classical  proportional  guidance  law  as 
an  example  of  the  first  category,  and  discuss  several  alternative 
digital  guidance  systems  based  on  the  use  of  a Kalman  filter. 
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3.5.1  Proportional  Guidance 

The  guidance  signal  available  from  the  seeker  (n  in 
Fig.  3.1-1)  is  typically  a variable  proportional  to  LOS  angle 
rate,  §,  corrupted  by  measurement  noise.  This  signal  is  passed 
through  a single-stage  low-pass  noise  filter,  the  output  of  which 
is  thus  a filtered  estimate  of  LOS  angle  rate,  §a§.  The  pro- 
portional guidance  law  is  then  implemented,  which  calls  for  the 
component  of  missile  lateral  acceleration  that  is  normal  to  the 
line-of-sight  (LOS)  to  be  proportional  to  the  closing  velocity 
times  the  estimated  LOS  angle  rate. 

This  guidance  law  is  based  on  the  concept  of  the  missile- 

target  collision  triangle.  In  a simplified  scenario  in  which  the 

target  is  following  a straight  line  trajectory,  with  constant 

aspect  angle  0 and  velocity  vector  magnitude  v , the  most  effi- 

cient  intercept  path  for  the  missile  (assuming  its  velocity,  vm> 

is  also  constant)  is  a straight  line  specified  by  a constant  lead 
* 

angle  0y , chosen  such  that  the  cross-range  components  of  the  mis- 
sile and  target  velocity  vectors  are  equal: 

vm  sin  G„  = v.  sin  9 (3.5-1) 

m Z t a 

If  the  missile  lead  angle  is  not  equal  to  0*.  then  there  is  a 
nonzero  heading  error,  0HE.  given  by 

9he  - <3-5-2> 

We  observe  that  flight  along  the  collision  triangle  (along  the 
vector  v*.  Fig.  3.5-1)  results  in  a nonrotating  LOS,  i.e.,0  = 0. 
Thus  § can  be  considered  the  error  signal  for  this  guidance 
strategy . 


For  the  purpose  at  hand,  we  assume  that  the  missile 

acceleration  vector  a_  is  normal  to  the  velocity  vector  (9  is 

— m j va 
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90  degrees  in  Fig.  3.2-1);  thus  we  desire  to  generate  an  accelera- 


tion command  to  cause  a_  to  satisfy 

m 


a cos  (0O  - 0)  = n'v„t 
m 3c  c 


(3.5-3) 


where  the  parameter  n'  is  called  the  navigation  ratio.  The  clos- 
ing velocity  i - obtained  by  projecting  thf  issile  and  target 
velocity  vectors  onto  the  instantaneous  line  of  sight;  as  shown 
in  Fig.  3.2-1, 


vc  - vm  cos  (0^-0)  + vt  cos  (0a + 9 ) 


(3.5-4) 


In  order  to  achieve  a response  that  obeys  Eq . (3.5-3),  the  ideal 

acceleration  command  a'  should  be  chosen  to  satisfy 

c 


n’v  0 

c 

COS  ( 0 £ - 0 ) 


(3.5-5) 


where  the  incorporation  of  the  factor  1/cos  (9  - 9 ) as  dictated 

by  Eq.  (3.5-3)  is  known  as  secant  compensation. 
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In  mechanizing  the  guidance  law,  the  value  of  the  closing 

velocity  is  never  kftown  exactly.  If  a radar  homing  seeker  is  used, 

then  a reasonable  estimate  of  v can  be  obtained  by  doppler  mea- 

c 

surements  or  by  differencing  range  measurements.  An  infrared  seek- 
er system  generally  does  not  yield  a good  estimate  of  range,  in 
which  case  vc  may  be  taken  to  be  a prespecified  constant.  Any 
uncertainty  in  the  closing  velocity  is  modeled  by  introducing  a 
variable  e into  Eq.  (3.5-5)  which  represents  either  a band  limited 
noise,  obtained  by  a single-stage  low-pass  filter  with  white  noise 
input,  or  a bias,  denoted  simply  evb-  Thus,  for  example, 


a 


i 

c 


«• 

n'  0 


v t cos(0a  + 0)  + ev 
vm  + cos(0£  - 01) 


(3.5-6) 


provides  the  final  acceleration  command  used  in  Ref.  4,  where  ev 
is  modeled  by  one  of  the  differential  equations 

Random  Uncertainty:  ev  = _U)4ev  + , E Cev(°)]  “ 0 

(3.5-7) 

Bias  Uncertainty:  ey  = 0,  ev(0)  * evb 

and  is  white  noise  with  spectral  density  q^.  With  this  model 
we  can  study  either  the  effect  of  the  noisy  estimation  of  v or 
of  a constant  error  in  the  assumed  value  of  vc> 

Finally,  the  guidance  law  must  account  for  an  important 
nonlinear  constraint  on  missile  operation  — acceleration  command 
limiting.  The  act;  \l  acceleration  command  a that  determines  the 
input  to  the  fin  deflection  ictuator  in  Figs.  3.4-2  or  3.4-4  must 
not  exceed  the  structural  capacity  of  the  airframe  and  must  not  be 
so  large  as  to  cause  the  missile  to  stall.  Thus  the  above  idealized 
acceleration  command  must  be  limited  in  order  to  prevent  exces- 
sive lateral  acceleration  command  levels  or  angle  of  attack;  the 
limiting  procedure  is  represented  by  the  saturation  nonlinearity 
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ac  = f(a^)  A 


( a ' 

) c 


. I a ' I < a 
* 1 c 1 - max 


(3.5-8) 


a sign  ( a ' ) , a ' > a 

max  R v c/(  1 c max 


The  guidance  law  features  described  above  are  incorporated 
in  the  system  model  illustrated  in  block  diagram  form  in  Fig. 3. 5-2. 


CLOSING  VELOCITY 
ERROR  MODEL 
r~~~ k 


' * ' --Y- V — ) 

NOISE  FILTER  CLOSING  VELOCITY  WITH  SECANT  ACCELERATION 

COMPENSATION  AND  UNCERTAINTY  COMMANDS 

Figure  3.5-2  Proportional  Guidance  Law  Model 


3.5.2  Modern  Digital  Guidance  Systems 

Recently-proposed  high-accuracy  guidance  systems  for  tac- 
tical missiles  have  been  designed  using  digital  data  processing  and 
optimal  estimation  and  control  theory.  The  resulting  combination 
of  Kalman  filter  and  optimal  control  law  that  comprises  the  digital 
guidance  module  is  generally  based  on  a linear  system  representa- 
tion ("filter  model")  that  is  significantly  less  detailed  than  the 
simulation  model  ("truth  model")  which  strives  to  represent  all 
important  dynamic  effects.  Quantities  that  can  be  assumed  to  be 
available  to  the  filter  without  measurement  noise  are  treated  as 
deterministic  inputs  to  the  filter  and  thus  need  not  be  considered 
in  the  model  (Ref.  11).  To  obtain  a filter  model  that  is  linear  in 
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the  variables  of  interest,  all  nonlinearities  that  occur  in  the 
truth  model  are  replaced  by  constant  or  time-varying  gains  derived 
by  small-signal  or  Taylor  series  linearization. 


Kalman  Filter  Model  — A basic  3-state  Kalman  filter  can 
be  designed  for  the  missile-target  intercept  problem  using  the 
model  depicted  in  Fig.  3.5-3.  It  is  assumed  that  noisy  measure- 
ments of  LOS  angle,  0,  are  available  to  the  filter  in  conjunction 
with  noise-free  measurements  of  missile  lateral  acceleration  and 
missile-target  range.  The  range  information  is  required  in  the 
filtering  procedure  because  the  LOS  angle  is  assumed  to  be  related 
to  the  cross-range  separation,  y,  by  the  time-varying  gain  1/r,  and 
the  measurement  noise  sequence  vfc  (Fig.  3.5-3)  is  range  dependent, 
as  detailed  below;  the  Kalman  filter  algorithm  makes  use  of  know- 
ledge of  these  dependencies  in  generating  estimated  values  of  the 
filter  state  variables,  denoted  xf. 

In  state-space  formulation,  the  filter  model  is  given  by 
the  vector  differential  equation 

-f  = Ff£f(t)  + £fw5<t>  + dfam( t)  (3.5-9) 

where 
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(3.5-10) 

and  w5  is  the  white  noise  process  which  is  the  input  to  the  tar- 
get acceleration  model  (Section  3.3).  The  white  noise  process  w^ 
is  specified  by  its  mean  and  spectral  density, 


E [wg(t)]  = 0 
E [w5(t)  w5(x)]  - q56(t-x) 


(3.5-11) 
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Figure  3.5-3 


Missile-Target  Intercept  Model  for  the 
Derivation  of  the  Digital  Guidance  Module 


The  vector  xf  is  initially  specified  by  the  mean  vector 
mf(0)  and  covariance  matrix  Pf(0);  observe  that  these  may  or  may 
not  be  directly  related  to  the  statistical  initial  conditions  on 
the  truth  model  state  vector,  since  the  filter  model  variables 
are  not  necessarily  a subset  of  these  states.  In  the  kinematics 
subsystem  model,  for  example,  y is  generally  not  a state  variable; 
rather  the  time  derivative  of  the  state  y is  a nonlinear  function 
of  the  states  9P  (missile  lead  angle)  and  9 (target  aspect  angle) 
as  given  in  Eq.  (3.2-2), 


y ~ -vm  sin  6.  + v.  sin  9 
m l t a 


T 
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in  which  case 


mf  (0)  = E [y(0)]  - -vm  E [sin  0£(O)]  + vtE  [sin  0ft(O)] 
2 


-*P 


0, 


-ip 


e. 


- v e sin  m.  + v+e  sin  mQ 
m t 0 


( 3 . 5—12 ) 


where  mg^  and  p0^  are  the  mean  and  variance  of  9^,  respectively, 
mga  and  pga  refer  to  the  same  statistics  of  0a,  and  use  has  been 
made  of  the  result 


E [sin  x] 


"ipx 

e sin  mx 


(Ref.  3;  see  also  Eq.  (4.3-10)).  The  variance  of  y(0)  can  be 
calculated  from  the  statistics  of  9(0)  and  9.(0)  in  a similar 

& X, 

manner.  It  is  also  possible  to  choose  mf(0)  and  Pf(0)  to  be 
inconsistent  with  the  truth  model  state  initial  statistics,  to 
determine  the  performance  of  the  filter  when  its  initialization 
is  in  error. 


The  model  shown  in  Fig.  3.5-3  can  be  derived  directly  from 
the  results  given  in  other  sections  of  this  chapter  under  the  sim- 
plifying assumptions  that 

• Missile  and  target  acceleration  vectors 
(Fig.  3.2-1)  are  normal  to  the  respective 
velocity  vectors  (velocity  vector  magni- 
tudes are  constant). 

• Kinematic  nonlinearities  (Fig.  3.2-2)  are 
negligible . 

• The  target  maneuver  is  represented  by  a 
band-limited  gaussian  process  (Fig.  3.3-1). 

• Seeker  dynamics  (Section  3.6)  are  negligible. 
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We  then  obtain  the  results 
0 » sin~*(y/r' 

» y/r  (3.5-13) 

from  Fig.  3.2-1,  and 

at(J)  ' vt  «a  cos  0a  - vm  cos  \ 


- a.  cos  9 „ - a cos  0. 
t am  x, 


sk  a 


t 


a 


m 


(3.5-14) 


from  Eqs.  (3.2-1)  and  (3.2-2).  These  relations  in  combination  with 
Eq.  (3.3-1)  complete  the  derivation  of  the  dynamic  equations  de- 
picted in  Fig.  3.5-3. 


The  measurement  to  be  processed  by  the  Kalman  filter  is  the 
sampled  LOS  angle,  ek>  corrupted  by  additive  independent  samples  of 
noise  v^.  The  latter  have  zero  mean  and  range-dependent  variance 
given  by 


4 %(r(tk)) 


(o2r(tk))2  + 


(3.5-15) 


where  o ^ , o2  and  o3  represent  the  constant  rms  levels  of  noise 
components  defined  in  Section  3.6.1.  In  terms  of  the  state  vec 
tor  xf  in  Eq.  (3.5-9)  and  the  approximation  indicated  in  Eq. 
(3.5-13),  the  LOS  angle  measurement  is  expressed  as 


ZK  “ J*  (tk>  ^f^k)  + vk 
1 


hT(tk) 


r(tk) 


0 0 


(3.5-16) 
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The  discrete  Kalman  ft  1 tor  provides  an  estimate,  x(. , oT 
the  reduced-order  state  vector  utilizing  mechanization  equa- 
tions (Ref.  11)  of  the  form 

xf(t)  - Ffxf(t)  + dfam(t),  tk-1  < t < tk  (3.5-17) 

xf(tk)  « xf(tk)  + kk(zk-hT(tk)xf ),  tk  < t < tk+e  A (3.5-18) 

where  x^,(tk)  denotes  the  solution  to  Eq.  (3.5-17)  just  before  a 
measurement  is  processed,  and  x^(tk)  represents  the  state  vector 
estimate  after  the  measurement  and  update  take  place*.  The  gain 
vector  kk  is  obtained  recursively  from  the  matrix  covariance  equa- 
tion associated  with  the  Kalman  filter;  the  sequence  of  operations 
is  given  by:  (i)  propagation  of  the  filter  covariance  matrix 
according  to 

pk  - « Pk-1  *T  + Q (3.5-19) 

where  Pkl  Is  the  value  of  the  filter  covariance  matrix  after  the 
previous  update,  <t> , given  by 

♦ ^ exp  (Ffis)  (3.5-20) 

is  the  transition  matrix  expressed  in  the  usual  matrix  exponential 
form,  t * tk-tk_^  is  the  time  interval  between  samples,  and 


gT 
f f 


.^s-O 


dt 


(3.5-21) 


* ' 

Refer  to  the  footnote  on  page  1-15. 
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is  the  noise  covariance  matrix;  (ii)  calculation  of  the  Kalman 
gain  vector, 

*k  " PA  + (3.5-22) 

(iii)  updating  the  filter  covariance  matrix  (to  represent  the 
effect  of  updating  the  state  vector  estimate) 


+ 

k 


- (^Vk  + °v  ) 


(3.5-23) 


It  is  likely  that  the  range-dependent  gain  vector  in  this  example 
can  be  precomputed  and  stored  as  a function  of  range  if  range  in- 
formation is  available  in  the  guidance  module.  Otherwise,  the 
implementation  of  Eqs.  (3.5-22)  and  (3.5-23)  would  be  responsible 
for  most  of  the  digital  computational  capability  required  by  this 
guidance  system. 

Equations  (3.5-17)  to  (3.5-23)  are  a set  of  typical  Kal- 
man filter  mechanization  equations  based  on  a simplified  design 
model.  The  filter  state  estimates  y,  y and  at  provide  the  basis 
for  the  missile  guidance  law  which  generates  the  commanded  missile 
lateral  acceleration,  denoted  ac  in  Fig.  3.4-2.  An  optimal  control 
approach  to  developing  a guidance  law  is  described  below. 


Control  Law  Model  — An  optimal  control  policy  is  derived 
by  selecting  the  commanded  acceleration  time  history  to  minimize 
an  appropriate  performance  index.  An  index  that  is  found  useful 
for  the  missile  guidance  problem  is  the  so-called  quadratic  index, 


J - E 


(tf)  + y 


2 


(3.5-24) 


which  effectively  minimizes  the  expected  value  of  the  square  of 
the  miss  distance  while  imposing  a penalty  on  the  control  level. 
The  quantities  y(tf)  and  y are  the  terminal  miss  distance  at 
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intercept  time  and  the  weighting  on  control  effort,  respec- 
tively. The  value  of  J is  constrained  by  the  equations  of  motion 
given  in  Eqs.  (3.5-9)  and  (3.5-10)  and  the  form  of  the  autopilot 
dynamics.  The  compensated  missile  airframe  dynamics  can  be 
modeled  by  the  first  order  transfer  function 


m 


w 


m 


a: 


s + 0) 


(3.5-25) 


m 


where  we  note  that  the  higher-order  autopilot  dynamics,  Eq. (3.4-5), 
and  airframe  saturation  are  neglected  in  Eq.  (3.5-25). 

The  solution  to  the  above  minimization  problem  is  called 
an  optimal  guidance  law.  By  invoking  the  separation  principle 
(Ref.  12),  it  is  known  that  the  control  is  of  the  form 


Cli  + + C3at  + C4am 


(3.5-26) 


The  indicated  control  gains,  c^ , have  been  determined  by  Willems* 
(Ref.  13)  to  be  functions  of  tgQ , the  time  until  intercept: 


. , n 

go 


rT 

t 


go 


c3  = n’ 


-u>  + 1 „ 

e ® + uKt 


t go 


- 1 


c4  * 


- -n  ’ 


w . t ^ 
t go 


-umt^ 

m go  . . -« 

e + t __  — .1 


(3.5-27) 


“n^go 


m go 


The  derivation  cited  above  is  based  on  the  assumption  of  con- 
tinuous control  — i.e.,  the  sampled  and  held  nature  of  the 
control  law  is  neglected. 
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Thi'  Mini'-- 1 <>- i nt orcrpl  , t . and  optimal  nnvigntion  ratio,  n',  are 
given  by 


t 


go 


t 


t-0 


t 


(3.5-28) 


where  vc  is  the  closing  velocity,  Eq . (3.5-4),  and 


3t2 

go 

[w  (-^nt*!)/v 

75  1 

m 

wm 

[l-2e'“ratgo) 

♦ t2  I 
go  1 

(tg°'  0 

(3.5-29) 

The  expression  for  n'  is  considerably  simplified  if  the  compen- 
sated airframe  dynamics  are  neglected  entirely;  from  Eq.  (3.5-25), 

a «a'  if  we  permit  w to  approach  infinity,  in  which  case 
me  m 

I 3 

n'  gr  (3.5-30) 

,(V°°  1 + 3Y/tgQ 

If  there  is  no  constraint  on  acceleration,  y is  equal  to  zero  and 
the  resulting  navigation  ratio  from  Eq.  (3.5-30)  is  constant. 


Finally,  in  implementing  the  control  given  in  Eq.  (3.5-26), 
it  is  often  advantageous  to  use  an  alternative  formulation  for  tgQ; 


t 


go 


r 


(3.5-31) 


Using  the  instantaneous  value  of  range  divided  by  closing  velocity 
is  equivalent  to  Eq.  (3.5-28)  when  range  is  nearly  deterministic. 
This  expression  is  conveniently  evaluated  in  the  digital  guidance 
module  using  a discrete  approximation  to  the  derivative;  at  each 
sampling  instant 


tgo,k 


a Tsrk 
rk-l  “ rk 


(3.5-32) 
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Given  the  above  set  of  optimal  linear  control  gains, 
various  suboptimal  approximations  can  be  made  to  simplify  the 
computational  requirements.  If  y,  1/u^,  cy  and  c4  are  taken  to 
be  zero,  for  example,  a digital  version  of  classical  proportional 
guidance  (based  on  optimal  estimation  theory)  with  n'  « 3 is  the 
resulting  control  policy.  Another  common  simplified  guidance  law 
is  obtained  by  including  a component  of  target  acceleration  in 
the  formulation  of  the  autopilot  command  by  permitting  c3  to  be 
nonzero.  A complete  digital  guidance  module  having  the  latter 
form  is  depicted  in  Fig.  3.5-4. 


Figure  3.5-4  Digital  Guidance  Module  Based  on 

Optimal  Estimation  and  Control 

The  digital  guidance  module  must  be  correctly  interfaced 
with  the  overall  truth  model  to  permit  simulation  of  the  missile- 
target  intercept  problem.  At  the  input  to  the  guidance  subsystem, 
noisy  measurements  of  LOS  angle  must  be  made  available  to  the 
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mined  by  the  specific  seeker  design  and  hardware  considerations. 
A variable  which  is  often  readily  available  as  the  seeker  output 
is  n,  shown  in  Fig.  3.6-9,  which  is  an  approximate  noisy  measure 
of  line-of-sight  angular  rate;  to  be  more  precise,  it  is  demon- 
strated in  Section  3.6.3  that  n is  related  to  the  LOS  angle  6 by 
dynamics  that  can  be  approximately  represented  in  transfer  func- 
tion form  as 


i. 
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(3.5-33) 


where  td  represents  the  dominant  time  constant  of  the  overall 
seeker  track  loop.  Thus  a direct  method  for  obtaining  the  re- 
quired filter  input  signal  from  the  seeker  output  n is  to  inter- 
pose a prefilter  of  the  form 

hf(s)  - td  + | (3.5-34) 

to  provide  effective  compensation  for  the  dominant  pole  in  the 
seeker  dynamic  model. 

Another  factor  in  implementing  the  guidance  law  is  that 
the  ideal  acceleration  command  a*  given  in  Eq.  (3.5-26)  is  based 
on  the  assumption  that  missile  acceleration  is  normal  to  the  LOS. 
As  in  the  previous  section  (cf.  Eq.  (3.5-3)),  the  fact  that  am  is 
actually  nearly  normal  to  the  velocity  vector  requires  secant  com- 
pensation (division  by  cos  (6^-8))  to  guarantee  that  the  accel- 
eration command  leads  to  a suitable  acceleration  component  normal 
to  the  LOS. 

The  guidance  module  design  is  completed  by  incorporating 
an  ideal  limiter  to  prevent  excessive  acceleration  command  levels. 
An  overview  of  a typical  digital  guidance  module  based  on  the 
foregoing  discussion  is  shown  in  Fig.  3.5-5. 
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Figure  3.5-5 


ESTIMATION  CONTROl  ACCELERATION  COMMANDS 

Complete  Digital  Guidance  Module  Structure 


3.G  THE  SEEKER  SUBSYSTEM  MODEL 

There  are  several  effects  inherent  to  the  seeker  which  can 
have  a marked  influence  on  overall  missile  performance.  These  in- 
clude 

• Boresight  error  distortion  sources 

Noise 

Aberration 

Receiver  and  signal  processing  characteristics 

• Disturbance  torque  sources 

Seeker  mass  imbalance 
Seeker  gimbal  friction 

Spring  restoring  forces  on  the  seeker  head 


ii 
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3.6.1  Boresight  Error  Distortion 

A fundamental  variable  in  the  seeker  subsystem  is  the 

true  boresight  error,  c.  , defined  bv  the  angle  between  the 
h true  - 

antenna  centerline  and  the  instantaneous  1 ine-of-sight  (LOS)  to 
the  target;  referring  to  Fig.  3.6-1, 


true  !l  ~ (,h  ~ 1 ' m “ (}  ~ * 


(3.6-1) 
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Figure  3.3-1  Seeker  System  Configuration 


The  estimated  or  measured  value  of  the  boresight  error  will  differ 
from  £true  due  to  several  factors;  among  the  more  important  of 
these  are  aberration,  noise,  and  nonlinear  receiver  characteristics. 


The  effect  of  aberrat ion  is  very  highly  dependent  upon  the 
geometry  of  the  seeker-detector  cover,  the  frequency  and  polarization 
of  the  incident  energy  and  other  factors;  furthermore,  it  is  variable 
due  to  manufacturing  tolerances,  possible  erosion  during  flight, and 
changes  in  environmental  parameters.  This  phenomenon  can  often  be 
represented  by  a nonlinear  and  possibly  time-varying  operation  on 
the  look  angle,  0look  = so  that  an  effective  boresight  error, 

ceff'  is  ohts-ined  in  the  form 

e - 6,  ,+0,-0,  (3.6-2) 

eif  look  ab  h 


where  the  aberration  angle  6 w is  a nonlinear  function  of  0,  , , 

ab  look 

as  depicted  in  Fig.  3.6-2.  A tactical  missile  with  a radar  track- 
ing system  that  exhibits  nonlinear  aberration  (caused  cy  a protec- 
tive radcme)  is  treated  in  Ref.  3.  In  that  study,  the  radome  aberra- 
tion characterist i-;  was  modeled  as  a piecewise-linear  relation  with 
odd  symmetry  and  5 linear  segments,  as  depicted  in  Fig,  3.6-3. 
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Figure  3.6-2  Boresight  Aberration  Model 


Figure  3.6-3  Nonlinear  Angular  Aberration  Charac- 

teristic Investigated  in  Ref.  3 


In  considering  the  degrading  effects  of  noise . we  include 
throe  fundamental  categories  of  effects.  Inverse  range  propor- 
tionai  noise,  which  has  an  effective  rms  level  of  the  form 


oav r)  = --  (3.6-4) 
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whore  o ^ is  a constant,  is  represent  a t i »•  o<  .loisc  source  (hut 
increases  in  effect  as  range  approaches  zero.  Target  angular  scin- 
tillation (caused  by  the  apparent  motion  of  the  target  due  to  the 
change  in  position  of  the  target  controid  of  radiation)  is  a phenom- 
enon of  this  sort.  This  effect  can  be  modeled  as  a wlde-band  noise 
state,*  Xj,  with  constant  rms  level , , multiplied  by  a gain  1/r. 

Range  proportional  noise  includes  any  noise  source  that  yields  an  ef- 
fective noise  level  that  decreases  as  the  missile  approaches  the  tar- 
get, i.e.,  as  range  approaches  zero.  This  type  of  random  disturbance  may 
be  represented  by  an  equivalent  noise  with  an  rms  level  of  the  form 

ab(r)  = o2  (3.6-5) 

which  in  turn  can  be  modeled  by  a wide-ba.id  noise  state  X2  with  a 

constant  rms  level  of  a2  passing  through  a gain  r.  Noise  sources 

that  exhibit  this  property  are  the  distant  stand-cff  jammer  and 

receiver  noise  (generally  due  to  thermal  effects).  Range  independent 

noise  represents  noise  sources  that  have  a constant  effect  on  the 

signal-to-noise  ratio;  target  amplitude  scintillation  (due  to  time- 

varying  effective  target  cross  section,  for  example)  and  seeker 

servo  noise  are  typical  examples  of  noise  sources  that  can  be 

2 

modeled  by  a noise  state  x^  of  constant  valence  o^.  The  complete 
noise  model  is  shown  in  Fig.  3.6-4  where  w^ , w2,  and  w^  are  gaus- 
sian  white  noise  processes. 

All  three  types  of  noise  described  above  have  been  treated 
in  previous  studies  (Refs.  2 to  4),  in  two  forms.  The  most  ele- 
mentary implementations  of  this  model  may  be  taken  to  be  linear 
time-varying ; i.e.,  r(t)  is  assumed  to  be  deterministic  in  the 
noise  model.  In  a more  recent  treatment,  Ref.  4,  the  nonlinear 
relation  indicated  in  Fig.  3.6-4  is  rigorously  implemented  by 


Where  no  conventional  state  variable  nomenclature  is  suggested, 
arbitrary  state  numbers  are  assigned  for  convenient  reference. 
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Figure  3.6-4  Seeker  Noise  Model 
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X1  / 2.  2 

-y=r + x0  /x  +y  + x 

/ 2 2 
/x  +y 


(3.6-6) 


where  x^,  x2  and  x3  are  the  wide-band  noise  states  mentioned  above 
and  x and  y are  the  cartesian  components  of  missile-target  separa- 
tion, respectively  (see  Fig.  3.2-1).  The  linear  time-varying 
formulation  may  be  adequate  in  situations  where  range  has  a negli- 
gible random  component  (as  is  sometimes  the  case  for  the  head-on 
intercept  where  the  mean  missile  lead  angle  and  mean  target  aspect 
angle  are  both  zero),  but  Eq . (3.6-6)  is  generally  significantly 
more  accurate  when  the  range  is  appreciably  nondeterminist ic . 

The  receiver  characteristic  is  a potentially  complicated 
effect,  highly  dependent  upon  the  specific  antenna  design,  type  of 
detector,  and  signal  processing  scheme.  In  order  to  avoid  a very 
specialized  discussion  based  on  a particular  tactical  missile,  we 
confine  our  attention  to  one  basic  phenomenon:  the  attenuation  of 
the  received  signal  which  occurs  when  the  effective  boresight  error, 
ceff’  becomes  large,  i.e.,  when  approaches  in  Fig.3.6-5a. 

The  detector  alone  will  have  an  output  which  is  very  nearly  pro- 
portional to  its  input  for  small  values;  however,  as  the  effective 
boresight  error  magnitude  approaches  e , we  note  in  Fig.  3.6-5b 
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Figure  3.6-5 


Receiver  Boresight  Error  Distortion  Effects 


that  the  signal  strength  decreases  to  a null.  If  the  antenna  pattern 

has  appreciable  sidelobe  sensitivity,  there  may  also  be  some  response 

for  values  of  e --  greater  than  e . The  upper  limit  on  the  bore- 
eff  max 

sight  error,  e,  such  that  the  detector  characteristic  is  nearly 
linear  for  jeeff|  less  than  e,is  quite  variable,  depending  on  the 
type  of  target  tracking  system  under  consideration.  For  monopulse 
radar  or  infrared  detectors,  c could  be  as  small  as  a fraction  of  a 
degree  (Ref.  14). 


The  undesirable  detector  null  and  possible  spurious  side- 
lobe  response  can  be  circumvented  in  the  signal  processing  scheme. 
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As  an  example,  some  value  £ e may  be  chosen;  a nonlinearity  is 

then  introduced  such  that  whenever  I he  ell'eelive  Imres  ip.  hi  error 
magnitude  exceeds  e^.  , the  output  oi  the  signai  processor  is  held 

at  ± ej^m-  This  provides  a simple  model,  depicted  in  Fig.  3.6-5c, 
which  will  capture  the  effect  of  a narrow  antenna  beamwidth  and  a 
reasonable  signal  processing  nonlinearity. 

The  combined  effects  of  aberration,  noise,  and  receiver/ 
signal  processing  characteristic  are  illustrated  in  the  general 
boresight  error  model  shown  in  Fig.  3.6-6.  We  mention  in  passing 
that  a more  exact  noise  model  might  divide  noise  sources  into  ex- 
ternal, predetection  and  postdetection  effects,  i.e.,  noise  sources 
entering  the  boresight  error  model  before  aberration  takes  place, 
and  before,  as  well  as  after,  the  receiver  characteristic.  For  the 
present  discussion,  this  categorization  is  excessively  detailed. 


R-16237 


8m  8 h 


Figure  3.6-6  Final  Boresight  Error  Measurement  Model 


3.6.2  Disturbance  and  Control  Torques 

The  seeker  model  is  completed  by  developing  a suitable 
tracking  and  stabilization  control  system  including  several  important 
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sources  of  disturbance  torque  inputs.  In  terms  of  the  inert ially- 
refereneed  angles  <J>  and  4>  shown  in  Fig.  3.6-1,  we  can  derive  a 
relation  of  the  form 


*p* 


T - T , 
c d 


(3.6-7) 


where  I is  the  moment  of  inertia  of  the  seeker  head  about  the 
P 

gimbal  pivot,  is  the  external  control  torque  (derived  from  an 
electric  servo  motor,  for  example),  and  is  the  total  disturb- 
ance torque.*  For  the  present  discussion,  consider  three  components, 


T 


d 


T + T_  + T 
m i r 


(3.6-8) 


where  Tm  is  an  effective  torque  due  to  seeker  head  mass  imbalance, 
and  we  include  two  external  torque  components,  Tj  due  to  nonlinear 
friction  in  the  gimbal  and  Tr  due  to  nonlinear  restoring  torques. 
Since  the  seeker  head  center  of  gravity  is  generally  displaced 
from  the  pivot  point,  as  shown  in  Fig.  3.6-1  and  specified  by  the 
parameters  rQ  and  , the  moment  of  inertia  Ip  is  related  to  the 
corresponding  moment  of  inertia  referred  to  the  center  of  gravity  by 


I0  + mr0 


(3.6-9) 


where  m is  the  mass  of  the  seeker  head. 


The  external  torques  due  to  spring  end  friction  effects 
are  modeled  by  the  relations 


Restoring  Torque:  Tr  - f^(0^) 

Friction  Torque:  T^.  = fgiQ^) 


(3.6-10) 


where  (».  is  the  angle  between  the  seeker  and  missile  center  lines, 
n 

Often  restoring  torques  are  linear  for  small  angle  deflections, 


The  use  of  hydraulic  actuators  for  mechanizing  the  seeker  track- 
ing function  generally  leads  to  a quite  different  model  of  the 
seeker  dynamics;  we  do  not  consider  this  case  here. 


L. 
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becoming  nonlinear  only  as  0^  increases  in  magnitude?,  as  illus- 
trated in  Fig.  3.6-7a.  This  behavior  corresponds  to  the  symmetric 
"hard  spring"  case  (Rel-.  15)  where  the  elastic  limit  of  a spring  is 
exceeded  and  Hooke's  law  for  linear  spring  behavior  becomes  invalid; 
often  the  nonlinear  term  is  taken  to  be  a power  law  relation, 


fi<V  “ ki9h  + k 


« i*r sign  <v 


(3.6-11) 


where  k is  an  integer  greater  than  one,  so  that  Tr  exhibits  a dis- 
tinct departure  from  linearity  as  |0^|  exceeds  9jjm>  as  is  typical 
of  a symmetric  nonlinear  spring  characteristic.  A common  type  of 
nonlinear  friction  is  the  dry  or  Coulomb  effect  depicted  in  Fig. 
3.6-7b  (Ref.  15),  where 


f2C°h>  a k2  sl£n  (°h) 


(3.6-12) 


i.e.,  the  friction  term  of  the  disturbance  torque  has  constant  mag- 
nitude with  the  algebraic  sign  of  the  gimbal  angle  rate. 


R-H604 


la)  Nonlinear  Restoring  Torque,  q I 


5'0n 


(b)  Nonlinear  Friction  Effect, 


Figure  3.6-7 


External  Disturbance  Torque  Models 


The  effective  disturbance  torque  :omponent  due  to  seeker 
mass  imbalance  can  readily  be  determined  by  application  of  the  basic 
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principle's  of  me>ehani<*s  (Hof.  10);  tho  details  are*  give;n  in  Ref.  1. 
Combining  the;  sookor  mass  imbalance  torm  with  tho  friction  and 
spring  disturl  ince  torque  compouen ts , we  obtain  the  complete  dis- 
turbance torque  contribution. 


Td  * rl(nh>  + W + mr0  rl6m  u,,s 


(3.6-13) 


+ r,  ( 0 ) sin  (ifi-()  ) + v 0 . i‘iis  ( <l> 
1 in  ^ m m 9.  v 


-v] 


The  control  torque  T in  Kq . (3.0-7)  is  chosen  to  make  the 
seeker  truck  the  target,  i.e.,  to  maintain  the  measured  boresight. 
error  at  a small  value.  The  nominal  seeker  is  designed  under  the 
assumption  that  there  is  no  friction  and  that  spring  effects  are 
negligible;  thus,  it  is  necessary  lo  include  rate  feedback  in  the 
torque  command  (a  feedback  term  proportional  to  <|>  which  is  measured 
by  a rate  gyro)  to  provide  suitable  damp  ling.  Thus  we  write  the 
nominal  control  torque  as 


T = k I—  - k (0  + ) 

i'll  s 1 g m h 


(3.0-11  ) 


where  is  the  track  loop  time  constant,  k r is  the  rate  gyro  gain, 
and  k,  is  the  torque  servo  gain.  The  implementation  of  this  con- 
trol is  depicted  in  Fig.  3.6-8. 


While  the  implementation  of  the  seeker  control  function 
depicted  in  Fig.  3.6-8  will  provide  an  adequate  response  under  ideal 
conditions,  it  can  be  shown  (cf.  Section  3.6.3)  that  the  dynamic 
response  of  the  seeker  is  quite  sensitive  to  steady-state  disturb- 
ance torque  inputs.  Since*,  a:  wc  have  already  indicated,  dis- 

turbance; torques  generally  have;  a significant  impact  on  the  offee’- 
l i vene*ss  of  the  seeker,  compensat ie;n  must  be  included  to  achieve* 
sal  i s factory  performance.  A simple;  and  effective  compensation 
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R-ldWO 


MlSSltE  hOOV 
ANGULAR  ACCIURATION 


P rocedure  is  to  insort  proport  iona  I plus  integral  cascade  compon- 
sation  be  Coro  the  torque  summing  .junction  in  Fig.  3.6-8.  Thai  is, 
we  specify  the  compensated  control  torque  by 


The  complete*  seeker  simulation  model,  representing  the* 
synthesis  of  the  dynamic  equations  derived  in  this  section,  is 
shown  in  Fig.  3.6-9. 

3.6.3  Transfer  Function  Representation  o j_  the 
Equivalent  Linear  Soeko r 

For  a subsystem  of  the  complexity  of  the  seeker  ns  modeled 
in  Fig.  3.6-9,  it  is  often  helpful  to  derive  the  Iransfer  function 
formulation  of  the  linear  system  obtained  by  neglecting  all  non- 
linear i t.  i es  . Several  assertions  made  in  the  previous  section  in 
simplifying  the  seeker  model  are  based  on  this  representation,  and 
the  procedure  used  Tor  the  purpose  of  designing  the  compensation 
network  (choice  of  k^)  can  best  be  treated  in  this  way.  More  do- 
tails  may  be  found  in  Ref.  4. 
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We  define  four  inputs  (refer  to  Fin.  3.6-10), 
ii]  « (i 

“2  * °m  (3.0-17) 

"3  !*  n8(fc) 

M4  - \ 

The  transfer  functions  d^(s)  to  <1^ ( ) for  the  equivalent  block 
diagram  representation  depicted  In  Fig.  3.6-11  can  he  shewn  to  he 


dt(s) 


R O + <i*'s  + 
T 


3"  ’ plJ 


1 1 fi3+  q3s"  + «i2s  + q 


1 


k2S  4 kj 


d„  ( s ) = ^ — — -TJ-  — 

1 XP  1 s [s3  + q,}s2  + q2s  4-  q 1 ] 


<*:,<")  ' f3  lli<s> 


d4(.s) 


_3_  s 

!pll  s3  4-  q^s2  4 q2s  4-  qt 


( 3.0-1 K) 


where  the  numerator  and  denominator  copf  f icienl  s are  given  hy 


kl  * ks  kB  kQ 


ks  k0  k3 


V '• 


k k.j 

p2  ^ pi  + t i ; 

i>  i 


k0  + k k 
2 s g 


(3.0-10) 


'3 


The  nominal  seeker  is  defined  hy  a choice  of  parameters 


that  'cads  to  acceptable  dynamic  behavior  in  the  absence  oi 
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Figure  .'1.6-11  Linear  Seeker  Model  in 

Transfer  Function  Form 


disturbance  torques;  example  data  and  transfer  functions  are  given 
in  Table  3.6-1.  A second  case  is  the  nominal compensated  seeker, 
which  has  been  designed  to  exhibit  a significant  ly  belter  per- 
formance in  the  presence  of  disturbance  torques;  t he  design  by  root 
locus  techniques  is  indicated  in  Kef.  4 and  the  transfer  functions 
are  summarized  in  Table  3,6-2. 

In  both  the  nominal  and  the  nominal  compensated  seeker, 
we  note  that  flois)  0.  This  demonstrates  that  with  no  linear 
Irietion  or  spring  restoring  torques,  the  seeker  luis  perfect  st  a- 
bili/.ation,  i.e.,  the  measured  boresight  error  is  unaffected  by 
rotation  of  the  missile  body. 

For  frequencies  considerably  less  than  10  rud/see,  we  have 
d(jj  a d,j  a s,  which  is  til*'  transfer  function  of  a differentiator. 
Hence,  t he  assertion  that  n Lsjtn  estimate  of  the  LOS  angular  rate 
(j) ) ho  I ds  a t ! ow  t requenc  ios  . 

The  seeker  compensation removes  steady^  state  d i s t u rbance 

torque  sens  i t i v i ty  , due  to  t he  zero  of  <l|.^(s)  at  s - 0,  as  dis- 
cussed in  Ref.  1. 
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TABLE  3.6-1 

TYPICAL  NOMINAL  SEEKER  SPECIFICATIONS 


Parameters 


k3  - 1 


Transfer  Functions 


in-oz-sec 

rad 


I **  0.1  in-oz-sec*2 
P 


■ 0.12  sec 


dn2<s>  5 0 


dn3(s)  “ dnl<s) 

rt  - 1000 
dn4(s)  nr 


lie 


TABLE  3.6-2 

TYPICAL  NOMINAL  COMPENSATED  SEEKER  SPECIFICATIONS 


Parameters 


* k2  " 0 


ks-  1 


20  sec' 


I » 0.1  in-oz-sec 
P 


0.12  sec 


Transfer  Functions 

II 

100s(s2+60s+1200) 

cl(s) 

- 

12( r3+60s2+1700s+ 1 0 , 000) 

dc2<s> 

= 0 

dc3(s) 

" dcl{R) 

H f 

1000s 

dc4(s) 

12( s3+60s2+1700s+10 , 000 ) 

Poles  at  s ■ -7.71,  s ™ -16.1  ±24. 8j 
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3.7  SYSTEM  MODEL  SUMMARY 


An  example  of  a complete  miss!  le-tnrget  Intercept,  model 
is  portrayed  in  F i r - 3.7-1  with  representations  of  all  of  the 
subsystems  described  in  the  previous  sections  appropriately 
interconnected.  This  particular  system  model  was  extensively 
analysed  in  an  investigation  of  the  accuracy  and  offlcnoy  of  CADET 
in  evaluating  the  impact  of  various  random  and  nonlinear  effects 
on  the  performance  of  missile  guidance  systems  in  Ref.  4 . As 
indicated  in  previous  sections,  there  are  many  assumptions  behind 
this  formulation;  the  system  depicted  in  Fig.  3.7-1  is  intended 
to  be  demonstrative  of  the  large  class  of  problems  that  may  be 
considered  in  this  realm,  and  not  to  be  all  inclusive. 


All  of  the  state  variables  are  depicted  except  angle  of 
attack,  ft , control  fin  deflection,  f> , and  the  seeker  state  re- 
quired to  implement  proportional  plus  integral  compensation,  Eq . 
(3.6-31);  these  states  are  encompassed  in  the  lineal  dynamics 
represented  hy  the  transfer  functions  gj(s),  g2(s)  (Fig.  3.4-3), 
and  (1+kQ/s).  For  convenient  reference,  we  list  the  nonlineari- 
ties incorporated  in  this  particular  system  model  and  indicate 
their  form; 

• Seeker  head  restoring  torque 

ri(V  ’ ki  IotH*  sl(tn  <v 

1 i m' 

• Seeker  gimbal  friction 


f2(V  = k2  Slgn  (6h> 


• Rec.ei ver/signal  processing  characterist  ic 

tr  ' ' ’ I im 

f,<0  - { 

• M >C|im 
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F inure  3.7-1  A Complete  Mi ssil e-Targol  Intercept  Model 

\ 

• Range  dependent  noises 


X1  /~2  2 
) 5 -v  + *2  /x  +y  + x3 
'x  + y* 


• Seeker  mass  imbalance  torque 
•o  [rl 


Tm  ■ mr0  |rlSm  co"<VV  + r,(f)M1)2  sin  <»„-%> 


+ v„  0.  COS 

m £ 


<WW] 
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• LOS  angle  calculation 
0 = tan_1(y/x) 


• Range  calculation 


• Velocity  resolution 

X = - v cos(0„)  - v.  COS  (f)  ) 

m v,  t a 

y = -Vm  sin  <%>  + vt  sin  < 0 a ) 

• Acceleration  command  limiting 


a 


/a*  , 

I a ’ I 

1 c| 

Kl 

< u_ 


max 


max 


• Proportional  guidance  law  with  secant  compensation 
and  closing  velocity  error  model 


a’  = n ' 0 

c 


V . cost  0 +0  ) + P 

V + -A v 

m cok( n -0 ) 


This  chapter  presents  an  overview  of  modeling  tasks  that 
arise  in  considering  the  missile-target,  intercept  problem.  Real- 
istic representations  for  a variety  of  nonlinear  effects  have  been 
given,  both  to  provide  a ready  reference  Tor  future'  studios  of 
tactical  missile  performance  and  to  facilitate  model  development 
in  other  areas.  The  material  is  intended  to  guide'  I he  user  in 
developing  mat.hematie*al  me>dels  appropriate  for  analyzing  missile- 
systems  using  CADET. 
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4 . QUASI-LINEARIZATION:  PRINCIPLES  AND  PROCEDURES 


4.1  CADET  AND  STATISTICAL  LINEARIZATION 

To  review  the  fundamental  equations  of  CADET  derived  in 
Section  1.2,  Eqs.  (1.2-6)  and  (1.2-7),  the  differential  equations 

m » _f  + Ob 

(4.1-1) 

P = NP  + PNT  + GQGT 


govern  the  approximate  evolution  of  the  mean  vector  and  covari- 
ance matrix  of  the  state  variables. 


m = E QcJ 
P « E £(x-m)(x-m)T 


(4.1-2) 


where  the  state  vector  differential  equation  is  nonlinear  and  time- 
varying  , 


x » f(x,t)  + G(t,)w  (4.1-3) 

A 

Equation  (4.1-1)  involves  the  vector  f and  matrix  N which  are 
defined  by 


f - E [ f(x,t)] 

N = E ("f(x.t)(x-m)T]  P'1 


(4.1-4) 


Analytic  expressions  for  ? and  N in  Eq.(4.1-4)  can  be  de- 
termined only  if  the  form  of  the  joint  probability  density  function 
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of  the  kI.h I e variable's  Is  known  or  assumed.  l*’or  many  problems 
(the'  present  one  included;  ef.  Section  1.2)  It  Is  appropriate'  to 
assume'  that  the  states  are  ,|e)intly  normal,  or  nearly  so.  A power- 
ful corollary  to  the  gaussian  assumption  Is  that  each  scalar  non- 
linear relation  embedded  in  the  state?  variab  I e el  ill  ere  at  1 1 a I equn  - 
t ions  may  be  treated  in  isolation;  this  I'ae'l  greatly  facilitates 
the  evaluatior  of  f and  N in  the'  application  of  C’ADKT.  Another 
dire'et  result  ol  the  normality  assumption  Ik  that  I and  N arc  tune 
tions  of  tn,  P and  t alone  and  are  not  dependent  upon  higher-order 
momon I s . 

It  was  mentioned  in  Reel  ion  1.2  that  I and  N defined  In 
Eq.  (4.1-4)  have  alse>  been  derived  In  the  context  of  applying  sta- 
tistical linearisation  to  arrive  at  a e|uasi-l  Ine'nr  approximation 
to  the  vector  nonlinearity  f(x,t).  The  form  obtained  is 


f(x.t)  » f + Nr 


(4.1-5) 


where 


r = x - m 


( 4 . 1 -(>) 


is  the  random  component  of  the  state'  vector  ,\.  Rime  the'  the'ory 
o f random  input  describing  functions  under  the  gaussian  assump- 
tion is  we?  1 I developed  (Ref.  6)  and  of  direct  utility  ,n  CADET 
analysis,  it  behooves  us  to  consider  quasi  - 1 i near  i zn  t.  ion  in  some 
dotal  l . 


In  Section  4.2  we  outline  the  ove'ral  I context,  of  describ- 
ing function  theory,  the  derivation  of  basic  result  s , and  basic 
limitations  of  the  technique.  Sections  4.3  and  4.4  treat,  some 
rpecific  examples  e>f  ridf  calculation,  giving  n few  general  results 
and  somp  useful  approximation  techniques  (including  discussions  of 
suitability  and  accuracy).  In  Section  4.5  we  consider  the  sons l - 
ti  vity  < >f  ridf  calculation  to  departures  from  the  gnus  si  an  ass  umjp 
tl<>»  • The  above  sections  treat  a single  nonlinearity,  in  accordance 
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with  the  assertion  that  each  nonlinear  relation  can  bo  treated 
independently,  as  mentioned  in  Section  1.2.  For  a proof  of  the 
validity  of  this  procedure,  see  Refs.  7 and  11. 


4.2  PRINCIPLES  OF  QUASI -LINEARIZATION 

In  the  discussion  that  follows,  we  consider  the  quasi- 
linearization  of  the  single  nonlinearity,  f(x).  In  some  instances, 
the  nonlinearity  may  be  a single  function  of  one  or  two  states,  as 
in  the  example  treated  in  Chapter  2 where  f(X3>  represents  the  ideal 
limiter  characteristic  acting  on  the  missile  lateral  acceleration, 

X3  (Fig.  2.2-1).  In  other  cases,  the  nonlinearity  may  be  a com- 
plicated function  of  a number  of  states;  as  an  example,  combining 
Eq.  (3.4-2)  and  the  last  term  of  Eq.  (3.6-13)  with  0^  • 0 leads  to 
a seeker  mass  imbalance  torque  term  of  the  form 

mrOvmSt  cos(*-fV  - mr0vm<Lc.o+V)  C0S(VW 


which  involves  the  variables  a » 5 > 0m* which  may • for  example, 
be  state  variables  to  x5,  respectively.  The  complexity  of  this 
formulation  tends  to  obscure  the  basic  form  of  the  nonlinearity, 
i.e.,  cos  v2,  where  Vj  and  Vg  are  simply  linear  combinations 
of  the  indicated  state  variables, 


V 

"mrnv  L 
0 m a 

mr0vmI*6 

0 

0 0 ■ 

v2 

m 

0 

0 

1 

1 -1 

m 

m 

^ Hx 


(4.2-1) 


Since  the  input  variable  statistics  are  immediately  obtainable 
from  the  state  statistics,  Eq.  (4,1-2), 
m..  ■ Hm 
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we  simply  treat  nonlinearities  a#  function*  of  one  or  several  input 
variables,  v or  v,  where  the  statistic*  of  v are  given  by  Kq. 
(4.3-2).  Prom  thie  point  on,  we  omit  the  eubeoript  "v"  to  simplify 
our  notation;  m and  P always  refer  to  the  nonlinearity  input  sta- 
tistics, and  r denotes  the  random  component  of  v.  The  fact  that 
only  a few  Input  variables  need  to  be  considered  simplifies  the 
subsequent  development. 

The  essence  underlying  all  quasi-linear  analysis  in  the 
substitution  of  one  or  more  approximate,  input-ampli tude-sensi vive 
linear  gain(s)  for  each  system  nonlinearity.  The  analytic  form  of 
the  resulting  quasi-linear  gains  (describing  functions)  is  deter- 
mined by  three  factors: 

* The  nonlinearity 

e The  assumed  nonlinearity  input  form 

e The  error  criterion  used  (th«.  measure 
of  approximation  error  to  be  minimized) 

The  number  of  describing  functions  required  to  represent  each  non- 
linearity is  determined  by  the  number  of  input  variables  and  the 
number  of  input  signal  components  specified  by  the  assume  input 
form;  each  Input  variable  component  has  its  own  independent  mea- 
sure of  amplitude  and  requires  a quasi-linear  gain. 

Given  a nonlinearity  and  an  assumed  input  variable  form, 
hereafter  taken  to  be  the  sum  of  a gaussian  random  variable  and 
a deterministic  signal  ("mean"),  we  desire  to  express  the  non- 
linearity output  as  a linear  combination  of  each  input  signal 
component  plus  an  error  or  distortion  term.  Considering  the  gen- 
eral case  of  a nonlinearity  with  k inputs,  we  have 

z ■ f ( Vj  , Vg vfe,t)  (4.2-?) 
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for  which  we  seek  an  approximation  of  the  form 


z * z b r 
o — — 


(4.2-4) 


where  zQ  and  b (a  vector  of  dimension  k)  are  to  be  determined.* 

Based  on  the  desired  form  »f  the  quasi-linear  approxi- 
mation, Eq.  (4.2-4),  we  consider  the  mean  square  error, 


e • E < z - z. 


- £ v4 


(4.2-5) 


Setting  the  partial  derivatives  of  the  mean  square  approximation 
error  with  respect  to  zQ  and  bj  equal  to  zero  gives  us  the  set  of 
necessary  conditions  for  minimization, 


1)  - 0 


f|^-2E  j*  - zD  - £ Vjj(-D 
. 2E  |f  - ZQ  - £ Vjj(-rJ 


)«0,  j ■ 1 , 2 , . . . ,k 


(4.2-6) 


Taking  the  indicated  expected  values  term-by-term  reduces  Eq. 
(4.2-6)  to 


zo  " E M 


bTP  - E 


(4.2-7) 


The  first  term  in  Eq.  (4.2-4)  could  be  expressed  as  aTm,  i.e.,  a 
linear  combination  of  the  means;  however,  we  note  that  the  elements 
of  a can  only  rarely  be  found  explicitly,  as  can  be  appreciated  in 
the  example  of  Eq.  (4.3-34). 
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where  we  have  expreased  the  results  in  th^ir  more  compact  vector* 
matrix  form. 

Comparing  Sqs.  (4.2-3)  and  (4.2-7),  we  have 


f(v,t)  « E [f]  ♦ E £f  rTJ  P-1r 

AhnTr 


v 


(4.2-8) 

which  ie  identical  to  the  scalar  case  of  Eqs.  (4.1-4)  and  (4.1-8). 

To  see  that  the  above  solutions  do  indeed  lead  to  mini- 
mum mean  square  error,  we  observe  that 


9a£8 


3z‘ 


,.2*2 

a e 


3 > 0 


2 F 


3b 


R] 


> 0, 


J * 1,2 k 


which  are  sufficient  conditions  for  the  existence  of  a local  mini- 
mum. 


In  evaluating  the  expected  values  needed  in  Eq.  (4.2-8) 
we  invoke  tho  assumption  of  joint  normality  to  write  (Ref.  11) 


P(v)  - £ 


(2n)k  IP 


|J  oxpj-  j r‘  P ’r 


i jr  „-i. 


(4.2-9) 


By  definition,  then 


— If  00  oo 

f A £(2ir)k|P|J  J[  ' ’ f(v,t)  exp | - 2 (v-m)TP’1(v-m)J 


dvx  dVg  ...  dvk 


(4.2-10) 
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To  uld  in  evaluating  m,  wo  form 


A T 

1 (if  \ 1 4 


(s)' 


3 f 

ISn^ 


- £(2ir)k|P|  J * J . ..J  f(v,t)  oxp  j - \ rTP'1r|p‘1r 


dvldV‘dvk 


3 f 
*"rkl 


- P"1  E [f(v,t)  r] 


(4.2-11) 


which  demonstrates  that  the  second  relation  in  Eq.  (4.2-7)  under 
the  gaussian  assumption  is  identical  to* 


(4.2-12) 


which  is  the  scalar  version  of  Eq . (1.2-10).  After  f is  calcu- 
lated according  to  Eq.  (4.2-10)  for  utilization  in  Eq . (4.2-8), 
the  random  component  describing  function  vector  n usually  may  be 
obtained  much  more  eusily  using  Eq.  (4.2-11),  than  by  direct  solu- 
tion of  Eq.  (4.2-8). 


From  the  development  outlined  above,  we  note  that  the 
use  of  describing  functions  provides  an  approximation  to  nonlinear 
phenomena  that  retains  irpu t -ampl i tude  sensitivity  through  the 
dependence  of  f and  n on  m and  P.  In  CADET,  the  usefulness  of  the 
quasi-linear  approximation,  Eq . (4.2-8),  depends  on  the  validity 
of  the  gaussian  assumption  on  x.  The  accuracy  question  is  a very 
complex  issue  — probably,  an  unresolvable  one  in  a general, 

* ‘ ” 

Note  that  by  convention  the  derivative  of  a scalar  by  a column 
vector  is  a row  vector,  and,  by  extension,  the  derivative  of  a 
column  vector  by  a column  vector  is  a matrix. 
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rigorous  sense.  The  following  paragraphs  provide  some  insight 
into  the  problem,  however. 

An  important  factor  is  that  it  is  generally  beneficial 
to  have  a system  of  the  form  indicated  in  Fig.  4,2-1  where  there 
is  a significant  preponderance  of  linear  dynamics  over  nonlinear 
elements  — especially  if  the  linear  parts,  represented  in  trans- 
fer function  form  by  Wj(s),  are  '’low-pass" , in  which  case  the 
central  limit  theorem  indicate?  *hat  the  outputs  v^  are  quite 
nearly  gaussian,  despite  nongaussian  Inputs  Uj . We  observe,  how- 
ever, that  this  condition  is  not  in  itself  completely  decisive, 
since  the  CADET  equations  are  based  on  the  assumption  that  all 
states  must  be  nearly  jointly  normal.  The  examples  considered  in 
Appendix  B are  situations  in  which  the  nonlinearity  inputs  are 
given  to  be  gaussian,  yet  the  nongaussian  nature  of  state  vari- 
ables after  the  nonlinearity  leads  to  inaccurate  CADET  results. 

ft* 16243 


Figure  4.2-1  Example  of  a Nonlinear  System  With 

Desirable  Separation  of  Nonlineari- 
ties by  Linear  Dynamics 

Another  issue  that  may  have  considerable  impact  on  the 
accuracy  of  quasi-linearization  is  the  nature  of  each  nonlinearity 
with  regard  to  being  odd  of  even  in  its  input  variables  with 
respect  to  the  input  mean.  To  illustrate  this  terminology,  a 
function  fCv^Vg)  is  odd  in  v^  with  respect  to  m^  and  even  in  Vg 
with  respect  to  mg  if 

f(mi-ri,v2)  - ffn^+r^Vg)  for  all  r ^ 
f ( V1 >m2"r2 ) " f ( vi »m2+r2  ^ for  a11  r2 
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For  the  rest  of  this  discussion,  we  consider  the  zero-mean  case, 
and  refer  only  to  oddness  and  evenness  since  the  extension  to 
non-zero  means  is  obvious. 

It  is  beneficial  to  have  single-input  nonlinearities 
which  are  odd  functions  of  their  inputs.  (Section  A.l  contains 
a comprehensive  catalogue  of  ridf's  for  this  basic  type  of  non- 
linearity ) In  contrast,  even  nonlinearities  must  be  considered 
with  caution.  It  is  simple  to  demonstrate  that  the  random  com- 
ponent gain,  n,  is  identically  equal  to  zero  when  f(v)  is  an 
even  function  of  a zero-mean  input  v;  this  condition  generally 
provides  an  inadequate  approximation. 


In  treating  multiple-input  nonlinearities,  the  situation 
becomes  more  complicated.  Let  us  consider  a few  examples:  first, 
we  ir.cpect 


f(v1,v2)  = 


f = 


vlvl  ' f + nlrl  + n2r2 
mlm2  + P22 


n,  = m. 


n0  = m1 


where  the  indicated  quasi-linear  approximation  has  been  derived  in 
Ref.  3.  In  a zero-mean  situation,  the  quasi-linear  representation 
degenerates  to  a single  mean  component*  given  by  p-^2,  the  cross 
correlation  of  v^  and  v2 . By  extension,  any  two-input  relation 
of  the  form 


f<vl,v2)  = fi,0dd(vl)  Vodd'V 

will  have  zero  random  component  describing  functions  when  v^  and 
v2  have  zero  means,  which  will  generally  lead  to  unsatisfactory 
results.  Next,  we  consider 


f<W  “ vlv2  S f 


+ n1r1  + n2r2 


We  observe  that  the  quasi-linear  approximation,  Eq.  (4.2-8), 
always  conveys  the  mean  input-output  relation  correctly. 
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f - [vm2*?^)  + 2m2p12)] 
nl  " m2  + p22 


n2  “ ^mlm2  + p12> 

which  can  be  derived  using  the  general  result  given  in  Eqs. (4.3-22) , 
(4.3-32),  8nd  (4.3-33).  Here,  in  the  zero-mean  input  case,  we  have 
no  output  mean  and  non-zero  random  component  gains  for  both  r^  and 
Tg,  provided  p12  and  p22  are  non-zero.  Thus  in  general  it  would 
seem  that  two-input  relations  of  the  form 

f<vi.v2>  - *lfodd(vl>  *2,even(V 

are  advantageous  from  the  point  of  view  of  describing  function  ap- 
proximation accuracy  in  the  zero  mean  case.  Finally,  using  the 
result  in  Eqs.  (4.3-39)  and  (4.3-40), 

f(v1 


rl*  v2 


i 


Vo)  = V,  Vo  a f + n„r,  + nnr 


‘lxl 


2 2 


f = (m2+p11)(m2+r22)+2p12(p12+2m1m2) 
nl  = 2ml(m2+p22>+4m2p12 


n2  = 2m2(m1+p11)+4m1p12 


Again,  there  is  no  random-component  transmission  (n^n^O)  in  th<; 
zero  mean  case,  so  the  nonlinearity  form 

f<vrv2>  - fi,even(vl>  f2,even<V 

is  apt  to  give  poor  results  in  this  situation.  As  in  the  discus- 
sion of  single-input  nonlinearities,  these  comments  may  be  di- 
rectly extended  to  the  non-zero  mean  case. 


The  preceding  paragraphs  consid^^  the  accuracy  of  quasi- 
linear  approximation  for  a number  of  nonlinearity  types.  The 
problem  that  often  arises  is  "zero  transmission"  of  one  or  more  ran- 
dom component(s) ; the  basis  of  this  phenomenon  is  that  the  random  in- 
put describing  function  n in  the  quasi-linear  approximation,  Eq. 
(4.2-8),  only  captures  that  random  component  of  the  nonlinearity  out- 
put, z,  which  is  correlated  with  the  input  variables,  in  the  sense  that 
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How  serious  this  effect  is  on  the  overall  accuracy  of  CADET  is 
highly  dependent  upon  the  complete  system  model;  it  may  be  that 
the  random  effect  which  is  neglected  by  the  quasi-linearization  pro- 
cedure is  truly  insignificant,  in  the  sense  that  other  linear  or 
nonlinear  dynamics  may  dominate.  In  this  eventuality,  the  useful- 
ness of  CADET  is  unimpaired.  On  the  other  hand,  it  is  a straight- 
forward exercise  to  fabricate  simple  examples  where  a CADET  analysis 
would  be  totally  incorrect  — cf.  Appendix  B.  A loose  but  useful 
analogy  can  be  drawn  between  the  relation  of  describing  function 
accuracy  to  the  validity  of  the  complete  quasi-linear  system  model 
(in  particular,  to  the  accuracy  of  CADET  analysis)  and  the  parameter 
sensitivity  problem  in  linear  systems  theory  (in  particular,  the  re- 
lation between  the  accuracy  of  standard  covariance  analysis,  Sec- 
tion 1.1,  and  imprecision  in  knowledge  of  the  linear  gains  of  the 
system  model).  In  the  parameter  sensitivity  problem,  an  inaccurate 
value  for  a specific  gain  in  the  model  of  a system  may  have  virtu- 
ally no  effect  on  the  overall  system  performance  (in  the  low  sensi- 
tivity case),  or  it  may  make  the  model  behave  in  a completely  dif- 
ferent manner  than  the  system  (in  the  high  sensitivity  case),  ren- 
dering the  model  meaningless.  Thus  in  assessing  the  usefulness  of 
CADET  in  a given  situation,  one  must  use  insight  and  experience  in 
order  to  evaluate  the  approximate  accuracy  of  the  describing  func- 
tions used  and  the  relative  importance  of  their  inaccuracy. 

The  preceding  comments  on  the  significance  of  oddness  and 
evenness  should  provide  some  useful  guidelines  in  estimating  the 
accuracy  of  various  ridf's.  The  results  outlined  in  Section  4.4 
also  provide  a good  qualitative  "feel"  for  the  inaccuracy  in  de- 
scribing function  calculations  that  arise  from  the  departure  of  the 
nonlinearity  input  from  the  gaussian  assumption.  We  emphasize  that, 
because  CADET  is  an  approximate  technique,  it  should  be  compared 
with  monte  carlo  simulations  in  a few  selected  cases,  to  verify 
that  CADET  accurately  captures  the  nonlinear  effects  under  con- 
sideration (refer  to  Fig.  5.2-2). 
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4.3  RANDOM  INPUT  DESCRIBING  FUNCTION  CALCULATIONS 


4.3.1  Single-Input  Nonlinearities 


In  obtaining  a quasi-linear  representation  of  a nonlinear 
function  of  one  variable  (v)  under  the  gaussian  assumption,  we 


have 


where 


f(v)  = f + nr 


m ■ E [v] 


(4.3-1) 


r = v - m 


p = a2  = E £r2J 


^ 5 

'2-na  J 


. i (v=ar 

f(v)  e 2 0 dv 


. 3f  „ 1 f 

9m  /5To 3 J 


_ 1 /v-roy 

(v-m)  f(v)  e 2 CT  dv 


(4.3-2) 


Since  the  catalog  of  random  input  describing  functions  (ridf's) 
provided  in  Appendix  A is  not  exhaustive,  the  following  detailed 
examples  will  provide  future  users  of  CADET  with  some  useful  in- 
sights into  the  development  of  describing  functions  for  other  non- 
linearities. 


As  a general  observation,  it  is  often  advantageous  to 
use  a linear  transformation  to  simplify  the  exponential  function 
in  Eq.  (4.3-2);  the  change  of  variable 


v-m 

o 
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yields 


M" 

J- 


1 2 
“ 3U 

f(ou+m)e  du 


(4.3-3) 


Further  simplification  may  result  by  eliminating  all  terms  in  f 
that  are  odd  in  u ; for  example 


L[a°+alu+a2u 

In  general, 


_ 1 2 1.2 
2+«**l  e ^ du  - J J^aQ+a2U24-a4u4+*  • • J e ^ du 


- 1u2 

5 O8f(0U+m)e  ^ du  ■ C fey(ou+m)e“  2U  du  (4.3-4) 

“ **  —00 

where  the  even  part  is  given  by 


fev(ou+m)  " | [f(<?u+m)  + f(-cru+m)J 


(4.3-5) 


After  this  procedure  has  been  carried  out , the  following  integral 
evaluations  often  prove  to  be  useful: 


1 1 
/5T. 

f 

w .00 

- 2U 

e du  «=  1 

1 2 

1 | 

f 

2 - SU  „ 

/ST  - 

L 

u e du  = 

1 2 

1 ( 

00 

r 

4 - 2U  „ 

\ 

L 

u e du  = 

(4.3-6) 


..2k  2U 


du  - (1)(3)(5)* • • (2k-l) , k > 1 
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These  results  and  others  involving  the  integrand  factor  e ■ 
may  be  found  in  any  complete  tables  of  definite  integrals;  cf. 
Ref.  16. 


Example  1:  Using  the  above  relations,  we  can  obtain  the 

3 

quasi-linear  representation  of  the  nonlinearity  v by  inspection. 
From  Eq.  (4.3-3) 


f - E [v3]  ■ ^ (ou+m)' 


1..2 


e 


" Su 


du 


Dropping  terms  that  are  odd  in  u yields 

1..2 


■=  -L  ( ("m3+3mo2u2l 

/2t\  L J 


-5u 

e 2 du 


so  application  of  Eqs.  (4.3-6)  and  (4.3-2)  results  in 
f « m3  + 3mo2 


_ _ 3f  _ ~,m2  2, 

n " 3(m  + 0 ^ 


(4.3-7) 


Example  2:  Trigonometric  nonlinearities  may  be  treated 

conveniently  using  the  above  techniques  in  conjunction  with  com- 
plex variable  notation:  recall  that  the  complex  function  eiv  is 
of  the  form 

f(v)  - eiv 

* cos  v + i sin  v (4.3-8) 

so  we  have 

i = expl  -5(™)2  + Hdv 

1 2 

Adding  and  subtracting  (-  ^ + im)  in  the  argument  of  the  ex- 
ponential function  permits  us  to  complete  a square; 
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The  final  result  is  obtained  by  transforming  as  in  Eq.  (4.3-3); 


12 


f - e 2 


+ im 


12 
“ 2° 

* e (cos  m + i sin  m) 


(4.3-9) 


Taking  the  real  and  Imaginary  parts  of  Eq.  (4.3-9)  yields  the 
mean  component  of  the  quasi-1 inear  approximations  of  cos  v and 
sin  v,  respectively;  the  random  component  ridf  is  obtained  by 
taking  the  partial  derivative  with  respect  to  the  mean.  We  thus 
obtain 


cos  v * E [cos 


e 


12 
- 50 


sin  v a E [sin 


e 


In2 
- 2° 


v]  + (v  - m) 

[cos  m - (sin  m)  r] 
v]  + n(v  - m) 

[sin  m + (cos  m)r] 


(4.3-10) 


Example  3:  Piecewise-linear  characteristics  co*c*nonly 

occur  in  models  of  systems  with  saturation,  quantization,  dead- 
zone,  and  other  similar  phenomena.  Consider  the  ideal  limiter 
(saturation  element): 


f(v)  - 


v < v 
1 - max 


'Wsl«n<v>’  M * vmax 


(4.3-11) 


Direct  application  of  Eq.  (4.3-3)  leads  to 
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V fal  - iu2 

mftX  J e 2 du  + 


/57 


/T*  ,a1 


-|u2 

(tJu+m)e  du 


v -oo  iu2 
♦ -3S5  ( e 5 du 


/57 


(4.3-12) 


where 


v + m 
max  

CT 


a. 


v - m 
max 


Since  some  of  the  limits  of  these  integrals  are  finite, 
the  direct  evaluation  of  f in  terms  of  elementary  functions  is  not 
possible.  We  require  two  auxiliary  functions  based  on  the  normal 


density  function, 

here  denoted  PF(w): 

PF(w)  » 

/57  e 

PI(v)  = 

w 

( PF(w)  dw 

J —oo 

(4.3-13) 

G(w)  « 

1 PI  (ai ) dw 

i — oo 

cs 

w PI(w)  + PF(w) 

Some  useful  propc 

rties  of  these  functions  are 

PF(-w)  * 

PF(w) 

PI  (-AT)  = 

1 - PI(w) 

(4.3-14) 

G(-w)  * G(w)  - w 
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lim  PP(w)  - 0 
lira  PI(w)  - 0, 


lim  G(w)  ■ 0, 


lim  PI(w)  ■ 1 
w-»°° 

lim  G(w)  - lim  w - * 

W-voo  W'*'00 


(4.3-15) 


The  mean  ridf  term  f (Eq.  (4.3-12))  can  be  manipulated  directly 


to  obtain 


f • o| 


'G  p-p  y - 


From  Eq.  (4.3-13)  we  have  that 

dG  nT  t . 

- PI(w) 


(4.3-16) 


so  by  Inspection  the  random  component  gain  is 


9?  /v  +m  \ / v_QV-m> 

" PI  (“5 )+PI(“  j 


(4.3-17) 


The  functions  in  Eqs.  (4.3-13),  (4.3-16)  and  (4.3-17)  are 
standard  in  several  works  (cf.  Refs.  6 and  18).  Other  references 
(cf.  Refs.  15,  17)  use  the  error  function, 


w 2 

erf(w)  ^ . ( e”w  dw 

At 


(4.3-18) 


which  is  related  to  the  probability  integral  ^(w)  by 
erf (w)  - 2PI ( /2w)  - 1 


(4.3*19) 


Since  the  error  function  is  available  in  some  computer  scientific 
subroutine  packages,  it  may  be  advantageous  to  use 
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To  demonstrate  evaluation  of  integrals  of  this  form,  we 
consider  the  following  general  form  of  two-input  nonlinearity  for 
which  we  derive  a useful  new  result: 

Case  1 : For  a nonlinearity  that  has  a linear  faotor  in 

one  variable, 

f(v1,va)  - VjgtVj)  (4.3-22) 


we  write  Eq.  (4.3-21)  out  fully  to  obtain 


2ito 


L [( V) 


(4.3-23) 


It  would  be  possible  to  integrate  this  equation  with  respect  to 
vj  directly,  making  use  of  the  relation 


2 

u exp  (-yu  +2vu)  du 


(4.3-24) 


(Ref.  17).  However,  a more  systematic  approach,  explained  below, 
reduces  the  possibility  of  error  in  the  manipulations  and  algebra 
involved  in  evaluating  f.  (The  same  technique  is  indispensable 
for  three  or  more  variables.) 

T —1 

Consider  the  argument  of  the  exponential  factor,  r P r; 
we  seek  a linear  transformation  w ■ R“*r  which  simplifies  the 
integrations  of  Eq.  (4.3-23),  Choose  the  matrix  R to  be 
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so  by  definition 
P - RRT 

Defining  w to  be  given  by 
w ■ R~'J‘( v-m) 


(4.3-26) 


“ P 


v2“m2 


v2“m2 


(4.3-27) 


we  obtain 

T -1  T 

(v-jn)  P (v-m)  - w w 

This  change  of  variables  in  Eq.  (4.3-23)  leads  to 


(4.3-28) 


* - h ^ i..!  V°l(^“p2  wl+pwa)|  8 (o2w2+m2 


" |<w?+w2) 

;)e  * 1 * dw1dw2 

(4.3-29) 


The  matrix  R in  Eq . (4.3-25)  is  specifically  chosen  to  be  lower 
triangular , i.e.,  zero  below  the  diagonal,  in  order  to  make  v2  a 
linear  function  of  w2  alone,  so  that  integration  with  respect  to 
wj  can  be  carried  out  irrespective  of  the  form  of  g.  Discarding 
the  odd  terms  in  w^ , we  use  Eq.  (4.3-6)  to  arrive  at 


1 

’ /57  )_co  (ml+0lpW2)  S<a2Vm2)e 


“ lW2 


dw„  (4.3-30) 


which  has  reduced  the  evaluation  of  1 in  Eq.  (4.3-23)  to  an  inte- 
gration in  one  variable. 
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The  result  in  Eq.  (4.3-30)  can  be  further  tnteroreted  to 
obtain  a fundamental  form  for  nonl  inearl  t Ion  which  ure  i incur  in 
one  variable.  First,  consider  the  ridf  approximation  of  g(v2) 
alone:  from  Eqs.  (4.3-1)  to  (4.3-3)  we  have 


g(v2)  a g(m2,tf2)+n  (m2,o2)(v2  - mg) 


where 


- iw2 
3W2 


- iw2 

2 2. 


00 

» 1 h~7=\  °2W2  K <°2Vm2)e 

8 On  /2ir  *-« 


We  then  recognize  that  Eq.  (4.3-30)  is  simply 


f - m1g  + POjOg  ng 


and  that  the  two  random  component  ridf's  are 


"l  - 5SJ  “ ®^m2 ,02^ 


a ' a 

n2  “ ml  imj  + p0l°2  9^ 


(4.3-31) 


(4.3-32) 


(4.3-33) 


■ mlng  P12  aig 

Consequently,  given  that  the  nonlinearity  g(v2)  is  readily  quasi- 
linearized,  it  is  a direct  matter  of  differentiation  to  evaluate 
ridf's  for  the  multiple  input  nonlinearity  VjgCVg). 


T 
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Example  4 : Ar  a special  cane,  for  the  Rlngle-lnput 

nonlinearity 

f(v)  - vg(v) 

where  g(v)  has  the  quasi-linear  approximation 
g(v)  * g + n^( v - m) 


we  obtain 


f » mg  + 


oV 


n 


g + mng  ♦ 


This  result  permits  the  direct  evaluation  of  ridf's  for  nonline- 
arities that  are  related  to  simpler  forms  [g(v)3  by  multiplicative 
powers  of  v,  provided  the  quasi-linear  approximation  of  the  simpler 
form  is  available. 


Example  5:  For  the  nonlinearity 

f^vl  v2^  " V1  cos  v2 


we  apply  the  relations  given  in  Eqs.  (4.3-32)  and  (4.3-33)  to  the 
ridf's  given  in  Eq.  (4.3-10)  to  obtain 


f 


cos  mQ  - p12  sin  m0  | e 


] 


1 

2 p2? 


n 


1 


5 p22 

cos 


0 

0 

D 

D 

0 

0 

fl 

0 

n 

0 

0 


n 


2 


1 “5  Poo 

sin  m0  + pin  cos  mn  I e 


(4.3-34) 
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This  result  wts  obtained  in  Ref.  3 by  the  more  tedious  direct 
evaluation  of  Eq.  (4.3-21). 

Case  2:  By  using  similar  transformation  techniques  (refer 

to  Eqs.  (4.3-25)  and  (4 . 3-26) ),  the  three-variable  case 

f ( V1 » v2  » vs)  ■ vi8(v2'v3^  (4.3-35) 

has  been  proven  to  lead  to  a mean  component  quasi-linear  term  of 
the  form 

f = mig  + p12  ^ + Pi355- 

" ml*  + Pl2ng2  + p13ng3  (4.3-36) 

where  g(v2,v3)  is  represented  in  quasi-linear  form  by 

8<v2'V  3 * + ng0(v2-m2)  + ng-(v3-m3)  (4.3-37) 

m o 


This  result  should  greatly  expedite  the  evaluation  of  ridf's  for 
three-input  nonlinearities  that  are  linear  in  one  variable. 

Case  3:  Based  on  the  above  results,  Eqs.  (4.3-32)  and 

(4.3-36),  it  is  a matter  of  direct  extension  to  prove  a general 
direct  quasi-linear  approximation  for  the  nonlinearity  class 

f(v1(v2)  = v*g(v2),  k = 1,2,...  (4.3-38) 

First,  we  treat  the  case 

f ( V1 > v2 ) ■ vi®2^ v2  ^ (4.3-39) 


as  a special  case  of  Eqs.  (4.3-35)  and  (4.3-36)  with  g given  by 
vlg2 < v2 ^ ; aPPiyiag  Eq.  (4.3-32),  we  obtain 
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% - /J2.„ 2.  - . „ 3| *2  . _2  ^2®2 

f - (m1+o1)  g2  + 2mlPl2  ^ + p12  —5 


(4.3-40) 


We  can  then  proceed  by  induction  to  show  that  the  general  form 
of  the  mean  component  ridf  is 


f « E 


[v*]  i + kp^-1]  £ + | k(k-l)p*2  E 


R-2] 


32S 

dm„ 


+ ...  + knk"”1  E rvil  ^ ^ + ok 
+ + kp12  E [vi]  + p12  — F 

3 nig  D nig 


(4.3-41) 


or,  to  use  the  more  compact  binomial  coefficient  notation  (Ref. 18), 


/k\  4 k(k-l)  (k-J+1) 
\i)  JT 


f 


(4.3-42) 

(4.3-43) 


The  random  component  ridf's  are  directly  obtained  by  differentia- 
tion according  to  Eq.  (4.2-11).  This  simple  and  powerful  expres- 
sion for  ? reduces  the  ridf  evaluation  to  a relatively  easy  task 
for  a broad  class  of  two-variable  functions. 

Various  techniques  exist  for  manipulating  nonlinearities 
into  forms  that  are  directly  treated  by  the  above  developments. 

A particularly  fruitful  approach  is  the  use  of  trigonometric  iden- 
tities to  reformulate  nonlinearities,  as  the  following  case  demon- 
strates. 


Example  6:  For  a nonlinear  function  with  multiple  trigo- 

nometric factors,  e.g. 

f(vl>v2»v3>  * sin  vg  cos  Vg  (4.3-44) 
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w< ■ ;-sm  use  t he;  xurn-and-di  r I'wroncc  formulae  (cl.  Ref.  19)  to 
obtain 


g - sin  v9  cos  v. 


= | [sin  (v2+v3)  + sin  (Vg-Vg)] 


r 

a 


and  proceed  as  follows:  From  Eq.  (4.3-10), 


1 2 
2 aw 

E £sin  wj  = e sin  (mw) 


i | 


[ f r 

t i ■ 

B r 

I;  t L 


* << 


f ■ i. 


where  w = v2  ± Vg.  In  the  two  cases  w = v2  ± Vg,  Eq.  (4.2-2) 
yields 


Thus 


w = v2+v3 


w = v2-v3 


mw  = m2+m3  ’ °w  “ p22+p33+2p23 


mw  = ,n2~m3  ’ = P22+P33~2p23 


= E [sin  v9  cos  v3J 

1 " 2 (P22+P33)  f -p23 


= 2 e 


sin(m2+m3)  + e sin(m2- 


and  the  direct  application  of  Eq.  (4.3-36)  leads  to 


2 ~ 1 ~ 2 ^P22+P23^  “Po'j 

f = m1g  + 2e  “ (p12+p13^e  cos(m2+m3) 


^ j 

+ ^P12_P13')  e cos(m9-mQ ) 


2 “'3 
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Obtaining  this  result  by  the  direct  application  of  Eq.  (4.2-10) 
would  be  very  tedious. 

With  the  tools  developed  in  this  section  of  the  handbook 
and  the  catalogue  of  single-variable  ridf's  provided  in  Appendix  A, 
a broad  class  of  nonlinearities  can  be  treated  in  a straightfor- 
ward manner  (with  little  or  no  analysis  of  the  sort  illustrated  in 
this  chapter).  Thus  these  contributions  significantly  enhance  the 
direct  usefulness  of  CADET. 


4.4  EFFECTS  OF  DIFFERENT  PROBABILITY  DENSITY  FUNCTIONS 

An  important  issue  that  must  be  investigated  in  order  to 
assess  the  potential  accuracy  of  CADET  is  the  effect  of  deviations 
from  the  assumed  joint  normality  of  the  state  variables  on  the 
evaluation  of  random  input  describing  functions  (ridf's).  The 
gaussian  hypothesis  is  the  only  approximation  made  in  the  appli- 
cation of  CADET,  so  any  inaccuracy  in  performance  projections  ob- 
tained via  CADET  is  due  to  the  nongaussian  nature  of  the  actual 
state  variable  joint  probability  density  function  (pdf). 

In  this  section,  we  present  results  of  an  investigation 
of  the  sensitivity  of  quasi-linearization  to  changes  in  the  pdf  of 
the  nonlinearity  input  (Ref.  4).  We  compare  the  ridf's  correspond- 
ing to  three  common  nonlinearities  — the  limiter,  the  sinusoidal 
operator,  and  a power  law  nonlinearity  — computed  for  a variety 
of  density  functions.  Seven  probability  density  functions  with 
quite  different  functional  forms  are  considered.  Four  of  these 
are  given  in  Table  C.2-1,  viz.,  the  exponential,  gaussian,  tri- 
angular, and  uniform  distributions.  Three  additional  densities 
are  special  cases  of  the  sum  of  two  symmetrical  triangular  func- 
tions, defined  in  general  by 
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P(x) 


h f1  -- 


X - X, 


X|-  XQ|  < A 


X|-  xQ  > A 


(4.4-1) 


which  has  a zero  mean,  a variance  given  by 


■M  -2 


(4.4-2) 


and  a kurtosis  (ratio  of  fourth  moment  to  variance  squared;  of 


x 4 4 

o4 


4 . .2  2 . 1 .4 

+ A x^  + j-g  A 

o o 15 

4 * ^ * 36  S 


(4.4-3) 


The  three  cases  of  Eq.  (4.4-1)  chosen  for  the  comparison  cor- 
respond to  A = 4 x . x_  and  2x  : the  associated  pdf's  are  por- 

o o o 

trayed  in  Fig.  4.4-1.  Note  that  two  of  these  densities  are  bi- 
modal;  i.e.,  they  have  two  distinct  peaks. 


(a)  A = 


R-11952 


(b)  A = x0 


(c)  A:  2*0 

Three  Density  Functions  Comprised  of  Two  Triangles 


Figure  4.4-1 
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It  is  shown  in  the  discussion  of  confidence  intervals  for 
the  estimated  standard  deviation  obtained  via  the  monte  carlo  method 
(Section  C.2)  that  the  kurtosis  has  a significant  impact  on  the 
confidence  we  have  in  the  accuracy  of  the  estimate.  Here  it  is 
observed  that  the  value  of  the  random  input  describing  function 
calculated  for  various  pdf's  seems  to  be  directly  related  to  the 
kurtosis.  Thus  we  order  the  seven  pdf's  under  consideration 
according  to  the  value  of 


px(x) 

Pa(x) 

p300 

p4oo 

Pa(x) 

P6(xj 

P7(x) 


X^  ■ 6 (exponential) 

X2  - 3 (gaucslan) 

Xg  - 2.4  (triangular) 

X4  - 2.14  (Fig.  4.4-lc) 
X5  - 1.8  (uniform) 

Xfl  - 1.52  (Fig.  4.4-lb) 

X?  - 1.16  (Fig.  4.4-la) 


(4.4-4) 

While  these  density  functions  are  not  exhaustive  in  a formal 
sense,  they  do  represent  a Variety  of  situations.  All  of  the 
densities  given  in  Eq.  (4.4-4)  have  even  symmetry;  we  note  that 
skew  densities  can  be  disregarded  in  this  context  with  no  loss 
in  generality.  For  a skew  density  p„(x)  we  can  define  its  even 
part  by 


pev(x)  ” S (ps(x)  + V-*” 
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Since  the  three  nonlinearities  considered  are  symmetric  (odd)  and 
tho  mean  values  of  their  inputs  are  zero,  only  the  even  part  of 
the  pdf  contributes  to  the  describing  function  calculation. 

Limiter  - The  ideal  limiter  or  saturation  operator, 

(x  . |x|  < 6 

f(x)  - ) (4.4-5) 

(fi  sign  (x)  , | x | > 6 

is  a common  piecewise-linear  function  used  to  model  nonlinear 
phenomena.  In  Fig.  4.4-2,  we  portray  the  various  describing  func- 
tion gains  for  this  nonlinearity,  corresponding  to  the  pdf's  de- 
fined in  Eq.  (4.4-4),  as  functions  of  the  ratio  of  the  input  rms 
level,  a,  to  the  saturation  point,  6.  As  would  be  expected,  all 
seven  quasi-] inear  gains  capture  the  fact  that  the  effective  gain 
starts  to  decrease  from  unity  whenever  a significant  portion  of 
the  assumed  input  pdf  lies  beyond  the  saturation  point,  i.e., 
whenever  there  is  a significant  probability  that  |x|  is  greater 
than  6.  As  has  been  pointed  out  previously,  this  effect  is  the 
key  to  the  success  of  quasi-linearization  techniques  in  reflect- 
ing nonlinear  system  behavior  that  is  beyond  the  scope  of  small- 
signal  (Taylor  series)  linearization. 

It  is  interesting  to  observe  that  the  relative  positions 
of  the  curves  in  Fig.  4.4-2  exhibit  a monotonic  relation  to  the 
value  of  X.  The  greater  the  difference  between  X for  a particu- 
lar pdf  and  the  value  for  the  gaussian  case  (X  = 3),  the  greater 
the  difference  between  that  density  function's  ridf  curve  and  the 
curve  for  a gaussian  distribution.  This  behavior  holds  in  all  the 
cases  considered  here,  and  is  indicative  of  the  fact  that  the  value 
of  X is  one  quantitative  measure  of  how  "close"  the  density  func- 
tion is  to  being  gaussian.  The  variation  of  the  ridf's  with  X is 
about  at  its  maximum  (on  a percentage  basis)  for  the  case  o ■ 26 ; 
the  ridf  decreases  13%  as  X increases  from  3 to  6,  and  increases 
28%  as  X decreases  from  3 to  1.16. 
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Figure  4.4-2  Random  Input  Describing  Function 

Sensitivity  for  the  Limiter 


El  ~ Law  — A similar  study  was  performed  for  a power- 
law  characte  Stic, 

f(x)  = x^  sign  (x)  (4.4-6) 

This  type  of  nonlinearity  is  often  used  to  model  effects  such  as 
the  "hard  spri»._  ’ characteristic  (Ref.  15)  discussed  in  consider- 
ing nonlinear  restoring  torques  acting  or.  the  missile  seeker  head, 
Section  3.6.  For  the  power  law,  the  ridf’s  calculated  for  the 
same  density  functions  considered  previously  have  the  form  (Ref. 4) 

ni  = nic  (4.4-7) 

where  o is  the  input  rms  level  and  are  coefficients  determined 
by  the  input  pdfs,  pi(x).  Thus  the  describing  function  gain  for 
f(x)  increases  linearly  with  the  input  rms  level,  in  direct  con- 
trast to  the  small-signal  linear  gain  which  is  identically  equal 
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to  zero,  as  shown  in  Fig.  4.1-3.  It  is  again  observed  that  there 
is  a monotonic  relation  between  X^  and  the  ridf  curves.  In  this 
case,  an  increase  in  X leads  to  an  increase  in  the  describing 
function  gain,  which  is  contrary  to  the  behavior  shown  for  the 
limiter.  This  is  a result  of  the  fact  that  the  power  law  output 
increases  more  rapidly  with  increasing  input  than  a linear  charac- 
teristic, whereas  the  opposite  is  true  for  saturation.  For  the 
power  law  nonlinearity,  the  ridf  sensitivity  is  independent  of  a, 
i.e.,  the  ratio  of  ridf's  calculated  fof  p*(x)  and  Pj(x)  is  simply 
L i /M j . For  f(x)  in  Eq.  (4.4-6),  the  describing  function  gain  n 
varies  from  + 33%  for  the  exponentially  distributed  case,  to  -34% 
for  the  pdf  p7(x) , compared  to  the  gaussian  input  ridf,  which 
shows  that  this  nonlinearity  is  somewhat  more  sensitive  to  vari- 
ations in  X than  the  limiter. 


Sensitivity  for  the  Power  Law 
Nonlinearity 
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Sinusoidal  Operator  - The  third  nonlinearity  considered 
In  these  sensitivity  studies  is  the*  sinusoidal  operator, 

f (x)  - sin  x 

which  is  needed  to  resolve  the  missile  and  target  velocity  vec- 
tors in  the  missile-target  intercept  model,  for  example.  A po- 
tential source  of  difficulty  with  this  function  is  that  the  non- 
linearity output  periodically  changes  sign  with  increasing  or 
decreasing  values  of  its  input.  This  leads  to  quasi-linear  gains 
that,  for  large  values  of  rms  input,  u,  may  even  differ  in  sign 
for  different  input  pdf's.  This  problem  is  not  unique  to  CADET; 
in  many  modeling  and  simulation  studies,  care  must  be  exercised 
when  the  input  to  a sinusoidal  operator  (or  any  other  trigono- 
metric nonlinearity)  can  exceed  ± 90  deg  (±  tt/2  rad),  since  in 
some  sense  the  "gain"  can  change  sign  in  some  situations.  Bear- 
ing this  in  mind,  we  have  calculated  the  random  input  describing 
functions  for  values  of  o as  large  as  3 rad  to  indicate  where 
such  effects  become  important,  as  shown  in  Fig.  4.4-4. 

The  quasi-linear  gains  for  a < tt/2  rad  show  some  simi- 
larily  to  those  obtained  for  the  limiter;  this  is  a reasonable 
mode  of  behavior,  since  the  sine  function  shows  a definite  satu- 
ration effect  of  the  range  |x|  <_  tt/2  rad.  As  expected,  the  ridf's 
are  inversely  related  to  ,\  for  a < tt/2  rad,  i.e.,  as  X increases, 
n decreases.  However,  as  the  input  rms  level  approaches  3 rad, 
the  describing  functions  for  all  of  the  pdf's  except  p^(x)  and 
P2<x)  become  negative,  and  the  monotonic  relationship  between  X 
and  n appears  to  be  lost. 

The  preceding  studies  \tndicate  that  the  sensitivity  of 

v 

random  input  describing  function  calculations  to  variations  in 
input  probability  density  function  is  slight  for  small  values  of 
input  rms  level;  as  o approaches  zero,  the  quasi-linear  gains 
approach  unity  for  the  limiter  and  sinusoidal  operator,  and  zero 
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A HNI 


Figure  4.4-4  Random  Input  Describing  Function 

Sensitivity  for  the  Sinusoidal 
Operator 

for  the  power  law  nonlinearity.  These  limiting  cases  are  che  same 
values  of  gain  that  would  be  obtained  by  the  traditional  small- 
signal  linearization  approach  — viz.,  by  replacing  f(x)  with  a 
linear  gain  equal  to  the  slope  of  the  function  at  the  origin 
(Section  1.2).  As  a general  result,  it  has  been  shown  (Ref.  6) 
that  quasi-linearization  subsumes  small-signal  linearization, 
i.e.,  for  small  signals  the  two  are  equivalent.  This,  in  turn, 
proves  that  CADET  provides  nearly  exact  statistical  analyses  when 
the  random  variables  have  a small  mis  value  in  relation  to  the  sys 
tern  nonlinearities,  i.e.,  whan  most  of  each  nonlinearity  input 
probability  density  function  lies  in  the  linear  region  of  its  non- 
linearity. As  the  rms  levels  of  system  variables  increase  so  that 
the  nonlinearities  are  being  exercised  significantly,  the  describ- 
ing function  sensitivity  to  the  input  pdf  can  be  appreciable;  then 
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it  must  be  ascertained  how  sensitive  the  system  performance  is  to 
variations  in  gain  at  each  point  in  the  system  model  where  a non- 
linearity occurs.  No  general  answer  can  be  given  to  this  question; 
the  verification  of  CADET  for  particular  applications  must  be 
accomplished  by  direct  comparison  with  monte  carlo  results,  as  has 
been  done  in  Chapter  4 of  Ref.  4 for  the  missile  homing  guidance 
system. 


4.5  DESCRIBING  FUNCTIONS  NOT  EXISTING  IN  CLOSED 
FORM  UNDER  THE  GAUSSIAN  ASSUMPTION 


For  certain  nonline&rities , random  input  describing  func- 
tions cannot  be  obtained  in  closed  form  under  the  assumption  that 
the  inputs  are  jointly  normal.  In  this  section  we  indicate  some 
approximate  methods  for  computing  ridf's  that  involve  either  ap- 
proximations to  the  input  probability  density  function,  or  approxi- 
mations to  the  nonlinearity,  and  discuss  their  usefulness. 

An  example  of  interest  in  the  missile-target  intercept 
problem  is  the  nonlinearity 


f(x,y) 


(4.5-1) 


which  defines  the  missi le-to-target  range  in  terms  of  the  cartesian 
components  of  the  separation,  x and  y.  This  problem  is  considered 
in  some  detail  to  provide  a focus  for  the  discussion  of  several 
ridf  approximation  techniques.  We  compare  the  accuracy  of  each 
approach  for  the  nonlinearity  given  in  Eq.  (4.5-1),  and  point  out 
some  pitfalls  that  may  be  encountered  if  care  is  not  taken. 


In  order  to  simplify  the  discussion,  we  assume  that  y 
does  not  have  a mean  component,  and  x has  a negligible  random 
component.  This  approximation  is  valid  in  many  missile-target 
intercept  situations  except  at  the  very  end  of  the  engagement 
(refer  to  Section  4.1  of  Ref.  4).  With  these  assumptions,  there 
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are  only  two  ridf's,  f and  ny,  needed  for  a quasi-1 inear  repre- 
sentation of  the  range.  Thus  from  Eq.  (4.1—1),  we  seek  to  evaluate 


f - E 


/*  ♦ *a 


f + /a<iy 

* aOt 


ny  * J . »<*>  M * ^ 


dy 


Under  the  assumption  that  y is  a gaussian  random  variable,  the 
second  of  these  integrals  can  be  evaluated  analytically;  however, 
the  first,  which  is  of  the  form 


f - 


3&T  BXP[-  & ] dy 


(4.5-2) 


cannot  generally  be  solved  in  closed  form  unless  mx 
case  we  have 


f - E 


[|y|]  mA 


O' 


0,  in  which 


(4.5-3) 


For  the  more  general  situation  given  by  Eq.  (4.5-2)  with  f 0, 
it  is  desirable  to  use  some  approximate  technique  to  obtain  a 
closed  form  expression  for  f that  is  convenient  for  use  in  a CADET 
analysis. * 

A Taylor  series  expansion  of  a function  of  a random  vari- 
able, f(y),  about  the  mean  of  that  variable,  m,  results  in 


f(y)  * f (m)  + 


df 

dy 


y-m 


. 1 d2f 


r2+ 


y-m 


(4.5-4) 


While  f in  Eq,  (4.5-2)  for  given  values  of  mx  and  Oy  can  be  cal- 
culated by  numerical  integration,  a less  time-consuming  approach 
is  desired  for  repeated  evaluation  in  a CADET  analysis. 
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where  p » y-m.  Wo  desire  to  dotormino  tho  expected  value  of  the 
above  function,  which  in  Riven  by 


E [f(y)]  - f(m)  + 


1 d2f 


y*m 


n2  * 1 <|3t 

°v  +3^3 


E [r3] 


y*m 


(4.5-5) 


where  use  is  made  of  the  fact  that  E £r^  is  zero  to  eliminate 
the  second  term  in  Eq.  (4.5-4);  all  other  odd  central  moment 
terms  (E  £r3[]  etc.)  are  also  zero  for  symmetric  pdf's.  Truncat- 
ing the  series  given  in  Eq.  (4.5-5)  at  the  second  term,  we  obtain 


i i 


4 I 

l 1 

I ; 
i ! 
< ! 


(4.5-6) 


which  is  un  approximation  suggested  in  Ref.  8.  We  note  that  this 
result  is  independent  of  the  particular  density  function  of  v.  If 
more  terms  are  desired,  the  higher-order  central  moments  can  be 
evaluated  using  a specified  pdf.  If  y is  gaussiun,  all  odd  cen- 
tral moments  are  zero  and  even  central  moments  are  given  by 
(Ref.  8) 


u2k 


£ E 


(1 )(3)(5). . .(2k  - 1 )o2k 


as  can  be  inferred  from  Eq . (4.3-6).  Thus  the  full  expansion  is 


E [f(y)]  - f(m) 


d2r 


(0(3) 

4 ! 


y=m 


<£f 

dy4 


o4+, 


v=m 


(4.5-7) 


The  use  of  the  first  term  alone  in  Eq.  (4.5-7)  corres- 
ponds to  small  signal  linearization;  taking  two  terms  as  indicated 
in  Eq.  (4.5-6)  results  in  a quasi-linear  gain  that  is  often  use- 
ful. We  observe  that  the  existence  of  a well-behaved  (i.e., 
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convergent)  expansion  for  f(y)  does  not  guarantee  that  Eq.  (4.5-7) 
exhibits  the  same  behavior. 

In  the  present  case,  the  series  expansion  approach  is 

effective  for  evaluating  i only  in  situations  where  m is  con- 

siderably  larger  in  magnitude  than  o , due  to  the  singularities 

of  the  derivatives  of  /m^  + y^  at  the  origin  (m  =0).  To  demon- 

x x 

strate  this  difficulty,  we  write  the  series  expansion  for  the 
nonlinearity  under  consideration  (Ref.  19), 


f(y) 


r 1 /y 

\2  1 /y 

\4 

■ l”xl 

t 

r 5 ( 

;)  + • 

1 • 

from  which  we  obtain 


(4.5-8) 


(4.5-9) 


as  an  approximate  describing  function  to  represent  the  mean  com- 
ponent of  the  range.  For  mx  considerably  larger  than  a , the 

^ * 

first  few  terms  of  this  expansion  yield  acceptable  accuracy. 
However,  since  mx  approaches  zero  as  range  goes  to  zero  in  the 
missile-target  intercept  problem,  using  Eq.  (4.5-9)  is  generally 
not  suitable. 

A second  method  for  approximating  the  integral  in  Eq . 
(4.5-2)  is  the  substitution  of  a nongaussian  pdf  for  which  the 
integral  can  be  obtained  in  closed  form.  As  in  previous  sensi- 
tivity studies  (Section  4.4),  the  best  result  is  obtained  using 
the  triangular  pdf.  Substituting  this  distribution  into 

_ 

We  note  that  the  expansion  indicated  in  Eq.  (4.5-9)  never  con- 
verges formally,  i.e.,  for  any  value  of  ay/mx,  no  matter  how 
small,  the  series  will  eventually  diverge  as  more  terms  are 
evaluated.  This  is  a standard  property  of  asymptotic  expansions 
which  are  useful  only  when  truncated  after  a finite  number  of  terms 
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Equation  (4.5-1)  leads  to  an  integral  that  is  evaluated  in  closed 
form  to  be 


A 


f £ 


(4 . 5-10) 


where  the  auxiliary  variable  v is  given  by 

v ft  (4.5-11) 

/6„y 

The  accuracy  of  Eq.  (4.5-10)  is  quite  good,  especially  when  com- 
pared with  the  poor  approximation  given  by  the  series  expansion 

in  Eq.  (4.5-9)  when  |m  | is  less  than  or  equal  to  a . The  error 

x y 

between  Eq.  (4.5-10)  and  the  exact  result  specified  :n  Eq.  (4.5-2), 
as  shown  in  Fig.  4.5-1,  is  less  than  3%,  which  is  adequate  for 
most  applications. 

We  note  that  the  conclusion  that  the  series  expansion 
technique  is  not  useful  for  computing  the  ridf  in  the  case  treated 
above  should  not  be  taken  as  universally  true.  When  series  ap- 
proximations for  an  ridf  can  be  obtained  which  are  accurate  over 
the  entire  range  of  the  input  statistics,  they  will  generally 
yield  good  results.  Another  important  consideration  is  that  the 
series  expansion  technique  is  generally  feasible  for  highly  com- 
plicated nonlinearities,  as  demonstrated  in  Section  A. 4,  while 
evaluating  f by  integration  with  any  approximate  pdf  p(y)  may  be 
impractical  or  impossible.  The  cases  treated  in  Section  A. 4 thus 
illustrate  the  power  of  the  series  expansion  technique,  given  in 
Eqs . (4.5-6)  and  (4.5-7),  while  the  above  presentation  indicates 
the  care  that  must  be  exercised  to  avoid  convergence  problems. 

This  chapter  presents  a detailed  outline  of  the  theory 
and  application  of  statistical  linearization.  Guidance  in 
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Figure  4.5-1  Comparison  of  Approximations  for 

the  Expected  Value  of  the  Range 


deriving  random  input  describing  functions  is  supplied  in  a 
variety  of  examples,  and  a comprehensive  discussion  of  the  sen- 
sitivity of  ridf  calculation  to  deviations  from  the  assumption 
of  joint  normality  is  provided.  These  contributions  should  aid 
future  users  of  CADET  in  performing  statistical  analyses  of  non- 
linear systems  with  random  inputs,  and  in  assessing  the  accuracy 
of  their  results. 
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6,1  DIRECT  CAERT-180NTE  CARLO  COMPARISONS 

Since  CADET  and  the  monte  carlo  method  are  the  cwljr  tool* 
available  for  the  statistical  analysis  of  the  performance  of  non- 
linear systems  with  random  inputs,  the  ultimate  value  of  CADET  can 
only  be  established  by  comparing  the  relative  efficacy  of  the  two 
approaches.  In  i his  section,  we  will  touch  on  utility,  aw  ol 
application,  expenditure  of  computer  time,  and  accuracy . Based 
on  these  factors,  and  on  other  characteristic*  of  the  two  tech- 
niques, we  will  outline  the  philosophy  for  th  application  of  CADET 
that  has  been  developed  at  TASC,  and  summarize  the  strong  and  weak 
points  of  this  methodology.  The  conclusions,  while  based  chiefly 
on  extensive  experience  gained  in  treating  the  missile-target 
intercept  problem,  should  provide  useful  guidelines  for  broader 
applications  of  CADET. 


5.1.1  Overview  and  CADET  Mechanization 

In  Chapter  1 we  have  derived  differential  equations  gov- 
erning the  approximate  evolution  of  the  mean  vector  and  covariance 
matrix  of  nonlinear  time-varying  systems  with  random  inputs,  hav- 
ing the  form 

x - f(n,t)  + G(fc)  w(t)  (5.1-1) 

where  x(t)  and  w(t)  are  vector#?  composed  of  the  system  states  and 
random  inputs,  respectively,  (Refer  to  Section  1.2  for  further 
details.)  Before  the  CADET  equations  can  b«-  implemented,  it  is 
necessary  to  have  the  random  input  describing  functions  (ridf’s) 
required  for  a quasi- linear  representation  of  every  system 
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nonlinearity.  The  ridf's  for  a broad  set  of  single-input  non- 
linearities  are  directly  available  from  Ref.  6 (see  also  Appen- 
dix A),  In  addition,  Chapter  4 of  this  handbook  provides  ridf's 
for  a number  of  common  multiple-input  nonlinearity  fornu  . Con- 
sequently, use  of  CADET  is  often  a matter  of  direct  substitution 
of  krv  .vn  ridf’s  in  the  mean  and  covariance  equations,  as  demon- 
strated in  Chapter  2.  If  a matrix  computer  language  is  available 
to  the  analyst,  the  construction  of  a computer  program  for  apply- 
ing CADET  is  no  more  difficult  than  the  programming  required  for 
using  the  monte  carlo  method.  As  an  added  benefit,  CADET  does 
not  necessitate  use  of  a random  number  generator;  a common  source 
of  concern  in  the  monte  carlo  method  is  the  question  of  what  con- 
stitutes a "good"  random  number  sequence  and  how  such  a sequence 
can  be  generated. 

Thus  from  the  point  of  view  of  utility  and  mechaniza- 
tion, the  two  techniques  appear  to  be  quite  comparable  — there 
is  no  clear-cut  reason  to  state  that  one  technique  is  superior 
to  the  other  based  on  these  considerations. 


5.1.2  Accuracy  and  Efficiency 

One  of  the  main  arguments  that  can  be  advanced  for  the 
use  of  CADET  in  obtaining  projections  of  nonlinear  system  per- 
formance is  the  significant  reduction  in  computer  central  pro- 
cessing unit  (CPU)  time  achieved  by  using  CADET  instead  of  the 
monte  carlo  method.  In  making  this  comparison,  two  issues  must 
be  addressed:  the  number  of  monte  carlo  trials  that  must  be  per- 
formed in  order  to  obtai  comparably  accurate  results,  an!  the 
practical  limitation  imposed  by  computer  costs.  From  the  stand- 
point of  accuracy,  a decision  regarding  the  required  number  of 
monte  carlo  trials  is  somewhat  arbitrary,  because  the  error 
mechanisms  of  CADET  and  the  monte  carlo  method  are  dissimilar. 
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Referring  tc  Fig.  C,3-2b,  we  note  that,  in  a situation  where  the 
statistics  are  quite  nong&ussian,  the  CADET  computation  of  the 
fms  value  of  a system  variable  appears  to  be  at  least  as  accurate 
as  the  value  estimated  with  400  monte  carlo  trials,  in  the  sense 
that  the  95%  confidence  band  for  400  trials  brackets  the  CADET  re- 
sult, Where  the  statistics  are  more  nearly  gauasian , e.g.  as  in 
Fig.  C.3-2a,  it  would  seem  that  CADET  accuracy  is  comparable  to 
that  achieved  by  more  than  50C  monte  carlo  trials.*  On  the  other 
hand,  a pragmatic  evaluation  of  the  efficiency  of  CADET  should  take 
ln-o  account  the  fact  that  most  monte  carlo  studies  must  be  limited 
in  scope  by  computer  budget  constraints.  A reasonable  upper  bound 
is  thus  256  trials  since,  in  the  gauasian  case,  this  results  in 
95%  confidence  that  an  accuracy  of  10%  can  be  achieved  (Section  C.2 ); 
for  high-order  systems,  even  this  number  of  trials  may  require  an 
inordinate  amount  of  computer  time.  For  the  present  discussion, 
we  therefore  compare  the  relative  efficiency  of  the  monte  carlo 
and  CADET  approaches  on  the  basis  of  256  trials,  recognizing  that 
the  estimated  rms  values  of  the  system  variables  obtained  for  this 
number  of  monte  carlo  experiments  may  be  less  accurate  than  the 
CADET  results. 

In  past  studies,  Refs.  1 to  4 , the  savings  in  computer 
CPTJ  time  achieved  by  the  application  of  CADET  has  always  been 
significant  in  comparison  with  256-trial  monte  carlo  studies,  even 
though  the  system  treated  iu  some  cases  has  been  of  high  order 
(with  up  to  42  system  states)  and  very  nonlinear  (having  up  to 
26  nonlinearities).  We  discuss  below  how  both  of  these  factors 
tend  to  reduce  the  relative  fficiency  of  CADET. 

Monte  carlo  simulation  for  a system  with  n states  requires 
the  integration  of  an  n-vector  differential  equation  (repeated  q 
times  where  q is  the  number  of  trials) , while  CADET  involves  the 

♦ *— — 

Recall  that  CADET  is  exact  in  the  linear  gauasian  case, 

Section  1.1. 
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propagation  of  the  n-eleraent  mean  vector,  51 , and  the  n*n  symmetric 

covariance  matrix,  P — a total  of  n(n*3)/2  elements.  Thus  the 

2 

computational  burden  for  CADET  can  increase  as  fast  as  n /2  while 
the  CPU  tiros  for  monte  cnrlo  analysis  only  varies  as  n,  demonstrat- 
ing that  an  increase  in  the  number  of  states  may  reduce  the  ad- 
vantage of  CADET  in  efficiency.  This  factor  can  be  mitigated  to  a 
large  extent  when  there  is  little  dynamic  cross- coupling  in  the 
system;  in  the  quasi-linear  system  model,  Eq.  (4.1-4),  this  cor- 
responds to  N having  few  non-zero  elements  (N  being  sparse).  In 
many  practical  problems,  N is  sparse  and  a considerable  increase 
in  the  computational  efficiency  of  CADET  can  be  realized  by  the 
application  of  techniques  which  circumvent  multiplications  in- 
volving  zero  elements,  thus  streamlining  the  evaluation  of  P 
(Eq.  (1.2-7)).  Such  an  approach  has  proven  to  be  valuable  in  the 
studies  presented  in  Ref.  3. 


The  number  of  nonlinearities  may  also  increase  the  com- 
putation time  required  by  CADET,  since  the  calculation  of  a ran- 
dom input  describing  function  generally  requires  more  logical  and 
numerical  operations  than  evaluating  the  corresponding  nonlinear 
function  in  the  monte  carlo  program  (refer  to  Appendix  A,  for 
example).  The  investigation  treated  in  Ref,  4 was  exceptional  in 
having  nearly  as  many  nonlinearities  as  state  variables;  more 
typical  applications  of  CADST  would  focus  on  a few  principal  non- 
linear effects,  leading  to  a still  more  favorable  comparison  of 
CADET  with  the  monte  carlo  method  in  terms  of  computatioi  il  burden 
per  performance  evaluation. 


Using  the  same  integration  method  in  performing  the  monte 
carlo  ensemble  of  simulations  as  was  used  in  propagating  the  sys- 
tem mean  vector  a d covariance  matrix  via  CADET,  and  assuming  that 
the  same  integration  step  size  is  required  in  each  procedure,  the 
results  summarized  in  Table  5.1-1  indicate  the  effect  of  the  sys- 
tem dimensionality  (number  of  states)  and  degree  of  nonlinearity 
(number  of  nonlinearities)  in  typical  studies  of  the  missile-target. 
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TABLE  5.1-1 


COMPARISON  OP  CADET  AND  MONTE  CARLO  EFFICIENCY 
BASED  ON  266-TRIAL  MONTE  CARLO  ANALYSIS 


Study 

Must* 

0#  States* 

Kuaber  of 
goal inear it lea 

Ratio  of  Computer  Tine  Coats  1 
Monte  Carlo/CADRT 

Rat.  3 

10 

2 

30 

Ref . 3 

17 

5 

15-20 

Re# . 4 

22 

22 

10 

Re# . 39 

42 

26 

20-30** 

*CoaUauous-  aou  diacrete-tia«  dynastic  states  >nly;  bias 
states  onitted. 

**Optln>i»ed , using  fast  aparse-natrix-BJultiplication 
subrout lass. 


Intercept  problem.  Comparing  the  inveati  gat  Ions  of  Refa:  2 and  4, 
we  note  a considerable  decrease  in  relative  CADET  efficiency  caused 
by  increased  s,  omp  ity;  in  the  analysis  of  the  system 

model  given  in  < 3,  an  intermediate  degree  of  complexity  and 

corresponding  efiiciency  is  noted.  The  study  of  Ref.  23,  also 
indicated  in  Table  5.1-1,  shows  the  significant  improvement  that 
can  be  achieved  by  careful  CADET  program  optimization,  using  the 
fast  sparse-matrix -multiplication  subroutine  approach  mentioned 
above . 


We  should  also  point  out  that  in  some  circumstances  the 
monte  carlo  approach  may  require  a reduced  integration  step  size 
to  avoid  failure  of  the  numerics'  ’ o teg rat ton  technique  (refer  to 
Section  4.4  of  Ref.  4,  for  ex&my  . . In  such  cases  the  monte 
carlo/CADET  CPU  time  ratio  will  be  even  higher 
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5.2  OTHER  FACTORS  AND  PHILOSOPHY  OF  APPLICATION 

In  comparing  CADET  and  the  monte  carlo  method  for  use  in 
obtaining  performance  projection*  for  nonlinear  system*  with  ran- 
dom inputs,  we  have  observed  that  there  are  several  elgnif leant 
similarities.  Both  techniques  are  applicable  to  nonlinear  sys- 
tem models  with  an  arbitrary  number  of  states  and  non! inearl ties, 
and  we  often  rely  on  the  gausslan  assumption  in  assessing  the 
accuracy  of  the  performance  statistics  obtained  (refer  to  Sec- 
tions 1.2  and  C.2j.  In  either  case,  departure  from  normally 
can  be  compensated  for  to  a certain  extent;  in  CADET , nongauseian 
probability  density  functions  can  be  used  in  calculating  de- 
scribing functions,  while  in  monte  carlo  simulation  the  fact  that 
the  confidence  band  limits  may  increase  for  nongaussian  random  vari- 
ables (Fig.  C.2-2)  can  be  counteracted  by  increasing  the  number 
of  trials  performed.  The  principle  trade-off  between  the  two 
methods  is  in  efficiency  versus  versatility . 

The  mnntn  carlo  simulation  ensemble  of  q representative 
state  trajectories  (Eq.  (C.l-4))  can  be  used  not  only  as  a data 
base  for  calculating  estimated  performance  statistics  m(t)  and 
P(t)  at  instants  of  time  of  interest,  but  also  for  estimating 
higher  order  moments,  and  for  generating  histograms  which  are  ap- 
roximate  density  functions  for  the  variables  under  considera- 
tion. However,  the  versatility  of  the  monte  carlo  method  can  only 
be  exploited  with  a further  ignificant  increase  in  computer  time 
expenditure  over  that  indicated  in  Table  5.1-';  while  the  esti- 
mation of  m and  P may  require  several  hundred  trials  or  more,  it 
is  generally  necessary  to  perform  thousands  cf  trials  in  order  to 
obtain  an  accurate  estimate  of  the  pdf  of  a random  variable  (and, 
cf  course,  what  constitutes  an  ’’accurate  estimate"  is  generally  a 
subjective  value  judgment  in  a nongaussian  case).  In  the  sense 
that  one  can  always  obtain  a better  estimate  of  the  statistics 
of  a random  v&i table  by  running  more  trials  (computer  budget  per- 
mitting). the  monte  carlo  method  is  a "self-checking"  procedure. 
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CADET,  on  the  other  hand,  provides  approximate  values  for  m(t) 
and  P(t)  in  a single  numerical  integration  of  the  quasi-1 inear 
covariance  equations  (Eq.  (1.2-7)),  usually  in  a small  fraction 
of  the  computer  processing  time  required  for  an  accurate  monte 
carlo  analysis. 

One  of  the  primary  purposes  of  the  statistical  analysis 
of  nonlinear  system  performance  is  the  evaluation  of  the  change  in 
system  effectiveness  due  to  variations  in  random  input  levels, 
initial  condition  statistics,  system  parameter  values  and  second- 
ary nonlinear  effects.  The  multiplicity  of  factors  such  as  these 
implies  that  the  analysis  will  generally  be  c1  me  repeatedly,  and 
computational  efficiency  is  thus  an  important  consideration.  This 
point  is  a strong  argument  in  favor  of  CADET.  On  the  other  hand, 
the  versatility  of  monte  carlo  simulation  (with  its  self-check 
capability)  permits  us  to  assess  the  accuracy  of  the  monte  carlo 
analysis.  This  is  a feature  lacking  in  CADET  which  makes  it 
advisable  to  utilize  monte  carlo  simulation  in  a monitoring  capa- 
city, since  it  is  always  possible  to  obtain  reasonably  accurate 
performance  projections  by  increasing  the  number  of  trials  suffi- 
ciently. 


The  effective  use  of  CADET  and  monte  carlo  analysis  in 
concert  can  be  demonstrated  in  a hypothetical  trade-off  study  where 
two  parameters,  say  and  otg,  are  to  be  varied  over  ertain  ranges 
to  obtain  optimal  performance  in  some  sense  (to  minimize  rms 
terminal  miss  distance  in  the  missile-target  intercept  problem,  for 
example).  As  shown  in  Fig.  5.2-1,  a lew  points  in  the  parameter 
plane  are  chosen  for  careful  CADET-moiite  carlo  comparison  (verifi- 
cation of  CADET);  then  extensive  performance  curves  are  generated 
using  CADET,  from  which  the  optimal  values  of  ci^  and  are  chosen. 
If  desired,  the  vicinity  of  the  point  of  optimality  can  be  studied 
using  a few  selected  values  of  a1  and  a,,  and  performing  the  required 
moxite  carlo  simulations.  Similar  approaches  can  be  used  in  study- 
ing sensitivity  to  nonlinear  and  random  effects. 
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Figure  5.2-1  Illustration  of  CADET  and  Mont®  Carlo 

Analysis  in  a Parameter  Trade-Off  Study 

The  overall  philosophy  of  CADET  usage,  based  on  the  str< 
points  of  both  CA  iST  and  monte  carlo  simulation,  is  illustrated  : 
Fig.  5.2-2.  The  initial  verification  procedure  is  generally  und< 
taken  for  the  "’nominal  system,"'  i.e.,  for  the  system  with  nominal 
parameter  values,  and  is  of  necessity  quite  meticulous..  Thus 
several  hundred  monte  carlo  triale  .jay  be  performed,  and  if  then 
is  reason  to  believe  that  the  system  Is  highly  nonlinear  — so 
that  the  system  variables  may  be  quite  nongaussian  — it  may  be 
necessary  to  investigate  higher  order  moments  or  histograms  to 
decide  whether  more  trials  are  needed  in  order  to  obtain  a re- 
liable statistical  analysis.  Once  this  phase  has  been  completeu 
satisfactorily,  the  CADET  parameter  sensitivity  studies  can  then 
be  performed.  Observe  that  the  preliminary  careful  but  time- 
consuming  monte  carlo  study  is  always  required  if  accurate  per- 
formance statistics  are  to  be  obtained  from  monte  carlo  slmulatlo 
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Philosophy  of  CADET  Application 


with  high  confidence.  The  use  of  these  statistics  to  verify 
CADET  paves  the  way  for  efficiently  performing  a wide  variety  of 
sensitivity  studies.  In  the  latter  analyses,  it  may  be  advisable 
to  make  comparisons  with  monte  carlo  results  in  selected  cases  to 
reverify  CADET  accuracy.  This  approach  mirrors  that  used  in  the 
studies  described  in  Refs.  1 to  4 . 

5.3  CADET  DEVELOPMENT  TO  DATE:  SUMMARY  AND  CONCLUSIONS 
5.3.1  Summary 

A major  goal  of  the  studies  described  in  Refs,  1 to  4 
was  to  extend  the  proven  capability  of  the  Covariance  Analysis 
Describing  Function  Technique  — CADET  --  to  provide  accurate 


T 
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performance  projections  for  tactical  missile  guidance  system 
models  that  are  quite  realistic  — l.e.,  that  incorporate  a num- 
ber of  significant  nonlinear  and  random  effects.  The  approach 
used  to  achieve  this  objective  has  entailed 

• Verification  of  CADET  performance  projections 
by  the  use  of  selected  monte  carlo  perform- 
ance studies 

• Investigation  of  the  sensitivity  of  CADET 
analysis  to  deviation  from  the  assumption  that 
the  state  variables  are  jointly  normal . 

In  these  investigations,  the  following  effects  were  treated* 

Sources  of  Nonlinearity 

• Guidance  law 

• Acceleration  command  limiting 

• Aerodynamic  effects  (nonlinear  airframe) 

• Missile-target  intercept  geometry 
e Coordinate  transform* 1 ions 

• Range-dependent  seeker  noise  sources 

• Receiver/signal  processing  characteristics 

• Seeker  radome  aberration 

• Seeker  mass  imbalance 

• Seeker  gimbal  Coulomb  friction 

• Seeker  head  restoring  torques  (nonlinear 

spring  effects) 

Random  Effect s 

• Tracking  sensor  noise  and  measurement  errors 

• Range  rate  measurement  error 
« Target  maneuvers 

• Deviation  of  initial  conditions  from 
nominal  values 

Two  aspects  of  the  sensitivity  problem  have  been  considered 
in  Chapter  4:  the  sensitivity  vf  random  input  describing  function 
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calculations  to  tuo  probability  density  function  of  the  nonlinearity 
input,  and  the  calculation  of  approximate  random  input  descr bing 
functions  when  it  is  inconvenient  to  use  the  exact  rosul  t for  the 
gauss! an  case. 


5.3.2  Conclusions 


The  investigations  described  in  Refs.  1 to  4 have  indeed 
shown  tnat  CADET  is  an  accurate  and  efficient  tool  for  conducting 

statistical  analyses  of  the  performance  of a_  lac 1. 1 cal  m is.ii lo 

system  including  the  effects  of  a number  of  significant  nonlinear 
and  random  phenomena . The  concl’’  ~ ions  drawn  from  these  studios 
can  he  summarized  as  follows: 

® CADET  has  the  demonstrated  ability  to  capture 
the  impact  of  all  of  the  nonlinear  effects 
listed  above  on  guidance  system  performance. 

In  all  cases  studied,  CADET  results  are  close 
to  or  within  the  95%  confidence  limits  of  the 
monte  carlo  analysis  for  up  to  500  trials. 

This  degree  of  agreement  was  general. ty  main- 
tumeti  even  in  the  numerous  instances  where  the 
nonlinear! ties  were  shown  to  have  a marked 
deleterious  effect  on  rtr.s  miss  distance. 

• Even  in  cases  where  the  number  of  system  states 
and  nonlinearities  is  large,,  CADET  shows  u 
significant  computational  advantage  over  the 
monte  carlo  method:  Between  10  and  30  CADET  per- 
formance projections  have  been  obtained  for  the 
same  amount  of  computer  time  required  by  one 
accurate  monte  carlo  study. 

9 There  are  certain  highly  nonlinear  cases  in 

which  CADET  analysis  may  be  inadequate.  Typic- 
ally, these  are  situations  In  which  a non- 
linearity input  is  urioorrelated  wi!h  its  output; 
for  a more  complete  discussion,  refer  to  Sec- 
tion 4.2  and  Appendix  B.  The  Modified  CADET 
methodology  presented  in  Appendix  B appears  to 
offer  a solution  to  r.his  problem. 
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• Highly  nougauasian  system  variables  not  only 
lead  to  inaccuracy  in  the  CADET  analysis,  but 
also  make  the  monte  carlo  method  less  reliable 
and  reduce  the  meaningfulness  of  the  basic 
statistical  measures  of  system  performance,  the 
mean  vector  and  covariance  matrix. 

« The  value  of  the  kurtosis,  \,  (the  fourth  cen- 
tral moment  of  a density  function  divided  by 
the  variance  squared)  is  a useful  measure  of 
the  departure  of  the  density  of  a random  vari- 
able from  the  gaussian  case  It  would  thus  be 
valuable  to  estimate  this  parameter  for  each 
nonlinearity  input  in  the  monte  carlo  analysis 
to  help  in  appraising  the  accuracy  of  the  monte 
carlo  method  and  CADET. 

In  light  of  these  and  related  findings,  it  is  felt  that 
confidence  In  the  ability  of  CADET  to  provide  accurate  statistical 
analyses  of  complex  nonlinear  missile  guidance  systems  with  a 
number  of  random  disturbances  has  been  quite  well  established . 
Based  on  the  diversity  and  complexity  of  the  effects  studied  so 
far,  it  seems  reasonable  to  anticipate  that  similar  results  will 
be  obtained  in  applying  CADET  to  a broad  spectrum  of  problems 
modeled  by  nonlinear  systems  with  random  inputs.  It  is  hoped 
that  this  handbook  will  facilitate  the  further  extension  of  the 
usefulness  of  CADET,  as  well  as  permitting  the  direct  application 
of  the  technique  to  the  missile-target  intercept  problem. 
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APPENDIX  A 

A CATALOG  OF  RANDOM  INPUT 
DESCRIBING  FUNCTIONS 


In  this  appendix,  we  provide  random  input  describing 
functions  (ridf's)  required  for  quasi-linear  representations  of 
a number  of  nonlinearities  that  are  commonly  associated  with 
effects  that  may  be  incorporated  in  a realistic  missile-target 
intercept  model.  The  material  is  organized  in  order  of  increas- 
ing complexity;  single-input  nonlinearities  are  listed  first, 
followed  by  two-input  characteristics,  and  finally,  selected 
three-input  nonlinearities  are  considered.  Two  highly  nonlinear 
guidance  laws  are  also  treated,  to  demonstrate  results  that  have 
been  successfully  used  in  the  CADET  analysis  of  missile  guidance 
system  performance.  For  those  results  without  explanatory  notes, 
ridf's  have  been  taken  from  Ref.  6 or  directly  obtained  using 
the  formulae  given  in  Cases  1 to  3 of  Section  4.3.  The  back- 
ground and  notation  of  this  appendix  and  a number  of  useful 
examples  are  given  in  Chapter  4. 


A . 1 RIDF'S  FOR  SINGLE-INPUT  NONLINEARITIES 

r 9 

General  case:  y = f(v),  E £v]  = m,  E £(v~m)^3  - P = cr 

Quasi-linear  representation:  y = f + nr, 

Definition  of  ridf’s:  f - K Tf  ( vll  - — — 

/2tt’  o 


r = v-m 


r 


— m\  2 


f(v)  e 


-*(*3=) 


iv 
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A. 1.1  Simple  Analytic  Nonl inearit ios 


y = sin(v) 


'f  -ip  * 
f = e ^ sin  m 


-iP 

n = e cos  m 


y = cos ( v ) 


y = v2 


f = e cos  m 


~ip 

n = -e  sm  m 


f = m + p 


n = 2m 


(A. 1-1) 


(A. 1-2) 


(A. 1-3) 


y = v 


4 

y = 


y - v5 


f = m(3p  + m2) 
n = 3(p+m2) 


f = m4  + 6m2 p + 3p2 
n = 4m(m2  + 3p) 


(A. 1-4) 


(A. 1-5) 


f = + 10m2p  + 15p^m 


(A. 1-6) 


n = 5(m^  + 6m2 p + 3p2) 

Results  for  higher  powers  can  be  obtained  directly  using  the 
relations  given  in  Example  4 of  Section  4.3. 
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A. 1.2  Nonlinearlties  Involving  Sign  (v)  and 
Piecewise-Linear  Characterlst ics 

Nonlinearlties  in  this  group  require  evaluations  of 
PF(w),  PI(w)  and  G(w)  given  by 


PF( w)  = 

-L  e-‘" 

/am 

rw 

PI(w)  = 

1 PF(oj)  du> 

" — oo 

i 

.w 

G(w)  * j 

1 PI(id)  db)  = wPI(w)  + PF(w) 

" — oo 

(For  more  details,  see  Example  3 of  Section  4.3.)  For  convenient 
reference,  the  piecewise-linear  gains  listed  below  are  depicted 
in  Fig.  A. 1-1. 


8-16240 


i 

t- 

f{v)  y~ 

i i 

f(v) 

k 

/ »• 

a 

J -» 

_/ 

a > 

-8 

-1 

la)  Idaal  Relay 


lb)  Ideal  Limiter 


y«f(v) 


-8 


+ -» 


Ic)  Linear  Gain  With  Deadzone 


Id)  Relay  With  Deadzone 


(e)  Limiter  With  Deadzone 


Figure  A. 1-1 


Basic  Piecewise-Linear  Characteristics 


Ideal  Relay 


y = sign  (v) 


(A. 1-8) 


Ideal  Limiter  t v , | v | < 6 

y = \ 

IS  sign(v) , | v | >6 

}=0[o(^).G(^)]-m 

(A. 1-9) 

n = + PI  ($ - 1 


Linear  Gain 
With  Deadzone 


, | v|  £ 6 

( ( | v | -5 )sign( v ) , | v j > 6 


A 

f = 

2.  - o[0 («*)  - 

G(^r)] 

n = 

2 - Pl(6+m)  - 

Plf-— ) 

Vo/ 

Vo/ 

Relay  With 

y = |0' 

1 v|  < 6 

Deadzone 

l 1 , 

1 v | > 6 

/N 

f = 

pi  (— ) _ pi 

/6-m\ 

Vo/ 

n = 

1 [pF^"1)  f PF 

(‘o'")] 

(A. 1-10) 


(A. 1-11) 


THE  ANALYTIC  SCIENCES  CORPORATION 


Limiter  With 
Deadzone 


y 


0 

( | v | —6 i ) sign(v) 
( 6 2 _<s  1 > sign(v) 


I v|  < 6i 

< M £ *2 

«2  < lvl 


. Gr2"”\l 

foM 

'-’  7 V 0 )\ 

1 

c 

L l ° ) 

1 

^ c 

Q 

(A. 1-12) 

We  observe  that  ridf's  for  a large  number  of  more  com- 
plicated piecewise-linear  characteristics  can  be  obtained  by 
decomposing  them  into  a linear  combination  of  the  basic  nonline- 
arities shown  in  Fig.  A. 1-1.  To  cite  two  examples,  a multi-level 
ideal  symmetric  quantizer  can  be  expressed  as  the  sum  of  several 
characteristics  of  the  type  portrayed  in  Fig.  A.l-ld,  and  a 
change  from  unity  gain  to  a gain  of  k at  breakpoints  ±.  6 can  be 
represented  by  a linear  unity  gain  plus  the  characteristic  of 
Fig.  A.l-lc  multiplied  by  (k-1).  These  procedures  are  demonstra- 
ted in  Fig.  A. 1-2,  From  decompositions  of  this  sort,  the  asso- 
ciated ridf's  can  be  obtained  from  the  results  given  in  Eqs. 

(A. 1-8)  to  (A. 1-12)  by  simple  addition;  for  the  above  examples, 
we  obtain: 

Five-level  Symmetric  Quantizer  (Fig.  A.l-2a) 


(A. 1-13) 


A-5 


(b)  Decomposition  of  a Gain-Changing  Nonlinearity 


Figure  A. 1-2  Decomposition  of  Complicated  Piecewise- 

Linear  Characteristics  into  Basic  Components 


Gain-Changing  Nonlinearity  (Fig.  A.l-2b) 


f = m + (k-l)| 

2m  - o |g 

/6+m\ 

' L 

\ o / 

\ o / J) 

n = 1 + ( k-1 ) 

1 2 - PI 

/6+m\ 

- pi  (s-m)f 

l 

v o / 

\ o /J 

(A. 1-14) 


The  functions  PF , PI  and  G (Eq.  (A. 1-7))  also  occur  in 
quasi-linearizing  nonl xnearit ies  having  the  factor  sign(v).  Three 
common  examples  of  this  type  of  character  1 \ f j e i>  >'< 

Absolute  Value  Function  y — v sign(v) 

f = 2og(2)  - m 


2P 


(A. 1-15) 
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Odd  Square  Law  y «*  v2  sign(v) 

f - 2moPF(^)  +(m2+o2}  ^2PI  -lj 

(A.l- 

„ , 4oPF(S)  + 2m  [2Pl(S)-l] 

r __  i , 

Exponential  Saturation  y ■ I l-e_a  ■ " ?.^n( v) 

f - 2Pl(a)+e‘“2Pje“m  [l-PI  (ao+  B)]  [l-PI  („-  B)]|. 

« " f PF(”)+aei°2p|e°"  [1-PI  (ao+  I)  - «(■<"  B)] 

*e-ai"  [l-PI  (oo-  B)  -ipF(ao-S)]| 


These  results  complete  the  catalog  of  ridf's  for  single-input 
nonlinearities . 


A. 2 RIDF'S  FOR  TWO-INPUT  NONLINEARITIES 
General  case : y = f(v^,V2),  E , r^  * 


r t~) 

“pll 

P12 

L£  1 J ‘ 

up12 

P22 

m 

pola2 


P°la2 


^uasi-linear  representation:  y * f + nTr 


" r + nlrl  * n2r2 
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Definition  of  ridf's 


P 1 i *<x>  » ,x> 

f = E f(v-,v2)  p I \ \ f(v.,  , Vp )exp — 

L J 2tto1o2(1-p2)4  ^-co  J-oo  1 2 2 ( 1 — f 


M2_2()  V2  + f!2\2 

°\)  °1°2  \ 2/ 


dvldv2 


A . 2 . 1 Simple  Analytic  Nonlinearities 


Most  of  the  results  of  Eqs . (A. 2-1)  to  (A. 2-8)  were  re- 
ported in  Ref.  3. 

y = v,v0 


mlrn2  + p12 


(A. 2-1) 


V1V2 


= m1(m2  + p22)  + 2m2p12 


nl  ^ m2  + p22  ^ 


(A. 2-2) 


n2  = 2(mim2  + p12) 
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f 

* ^2*^ 3P22 ) + ^I2^m2^^22^ 

nl 

’ m2(m2+3P22) 

(A. 2-3) 

n2 

3mi(m2+p22)  + 6m2p12 

2 

* 

(ml+pll ) (m2+p22 > + 2p12^ 2mlm2+p12 ^ 

ni 

0 

■ 2ml(m2+p22)  + 4m2pl2 

(A. 2-4) 

n2 

= 2m2(m2+p11 ) + 4mipi2 

cos 

V2 

A 

f 

'*p22 

= e (n^  cos  m2-pi 2 sin  m2^ 

"l 

_^P22 

= e cos  m g 

(A. 2-5) 

n2 

~“P22 

_e  (mi  sin  m2  + cos  xn^) 

sin 

V2 

A 

f 

„ ~^P22 

e sin  nig  + p^2  cos  m2) 

"I 

_ ~ip22  . 
e sm  m2 

(A. 2-6) 

n2 

~4p22 

e (mi  cos  f - p1p  sin  m„) 
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iP 


f « e 


22 


[(ml+pll“p12)  COS  m2"2rnlP12  Sin  "2] 


-ip 


n,  - e 


22 


(2m^  cos  sin 


(A. 2-7) 


-iP 


nn  = -e 


22 


[(m^+p^-p^)  sin  V2mlD12  cos  "2] 


sin  v2 


f = e 


-ip 


22 


[2mip 


12  cos  m2  + 


(m2+Pll-p12)  sin  m2] 


-ip 


22 


[*>, 


n1  = e — I ^P12  coa  m2+2m 


1 sin  m2] 


(A. 2-8) 


n2  = e 


"^p22 


[-2mi 


p12  sin  m2+  (ml+pll~p12 ) 


cos  m, 


■1 


Results  for  nonlinearities  involving  higher  powers  of  input  vari- 
ables can  be  obtained  directly  using  the  relations  of  Case  2 of 
Section  4.3.  For  powers  or  products  of  trigonometric  functions, 
e.g.,  vi  sin^  v2,  the  use  of  trigonometric  identities,  as 


2 1 

sin  v2  = 2 (1_cos  ^Vg ) 


permit  the  direct  use  of  results  given  in  Eqs.  (A. 2-5)  to 
(A. 2-8) . 
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A . 2 . 2 Analytic  Nonllnearit ies  Without.  Closed-Form 
Gaussian  ridf^ 

The  quasi-linearization  of  the  range, 


is  treated  in  detail  in  Section  4.5.  Note  that  it  was  assumed 
that  x a m , i.e.,  the  down-range  component  of  the  missile-target 

X 

separation  is  essentially  deterministic,  as  is  true  for  head-on 
intercepts  (Fig.  3.5-1).  In  this  case,  the  range  is  a function 
of  one  random  variable,  y.  We  further  noted  that  the  most  effec- 
tive approximate  ridf  for  this  nonlinearity  was  obtained  by  using 
the  triangular  distribution  for  y (Table  C.2-1);  this  result  is 
given  in  Eq.  (4.5-10). 

In  the  seeker  noise  model,  Section  3.6-1  related  non- 
linearities  arise  in  the  range-dependent  components  of  the  noise. 
Thus  approximate  ridf's  for  the  following  two  nonlinearities  were 
obtained  in  Ref.  4,  based  on  the  triangular  distribution  for  y: 

/o  2 

Range  Proportional  Noise  y * v1  /mx+v2 


m. 


f * — - sign(mx ) 


log  (a±4^)+4(v3-(1*v2)3/^ 


/s 


n.  = — 
l m. 


(A. 2-9) 


n2  “ A 


Pl2 


(1+4v2)/>v^  -4v3-3v2  log 


v 


where  v is  an  auxiliary  parameter  given  by 


A m 

V A I x 


/6  o, 


(A. 2-10) 
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Inverse  Range  Proportional  Noise 


y * 


v 


1 


(A. 2-11) 


where  v is  given  in  Eq . (A. 2-10). 

A third  nonlinearity  that  is  not  tractable  for  gaussian 
random  variables  is  the  inverse  tangent  function,  which  is  re- 
quired in  obtaining  the  1 ine-of-sight  angle  from  the  cartesian 
coordinate  representation  oi  the  missile-target  separation,  viz. 


0 = 


V1 ’ V2 ) = tan 


(A. 2-12) 


The  approximate  ridf’s  for  this  nonlinearity  were  also  derived 
in  Ref.  4,  using  the  truncated  expansion  technique  demonstrated 
in  Section  4.4,  as  follows: 


-1 


Inverse  Tangent  y = tan"  (v^Vg) 


-1 


m 


f = tan  1 - + 

V m0  / 


mr 


|m2+m^2  [mlrn2(p22'pll)+(mi_m2)pl2] 


nl  2 2 

,Vm2 


(A. 2-13) 
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-m 


1 


2 

m^+m 
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These  results  concLude  the  presentation  of  ridf's  for  two-input 
nonlinearities . 


A. 3 RIDF'S  FOR  SELECTED  THREE-INPUT  NONLINEARITIES 

The  following  results  are  useful  for  nonlinear  airframe 
models  as  described  in  Section  3.4;  many  of  these  ridf’s  were 
first  reported  in  Ref.  3. 

y = V1V2V3 

f “ mim2m3+nlp23+m2P13+m3P12 


nl  m2m3+p23 
n2  * mlm3+P13 


(A. 3-1) 


“3 

2 

V1V2V3 


mlVP12 


i « 


(m3+P33)(mlm2-p12)+2m3(mlp23+m2P13)  t_2p13p 


23 


n 


1 = m2(m3+P33)+2m3p23 


.2 


(A. 3-2) 


n2  = •n1(m3+P33)+2.n3p13 

n3  = 2<mlm2+p12)m3+2(mlp23+m2p13) 


y = VgV3 


f m3(m3+p33)<'mlm2  + p12)  + 3(m3  + p33)(mlp23^m2p13)  + <'m3p13p23 

nl  = m2m3(m3+3p33)+3p23(m3+p33)  (A. 3-3) 
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n2  = 

n3  = 3(m3+p33)(m1m2+p12)+6(m1m3p23+m2m3p13+p13p23) 

( A . 3-3 ) ( Cont . ) 


y = 


2 2 
V1V2V3 


f = [m1(m2+p22)+2m2p12j  (ra3+P33 )+2m3P] .3(m2+p22 > 
+2mlP23(2m2m3+P23)+4p23(m2Pl3+m3Pl2) 
nl  = (m2+P22)(m3+P33)+2p23(2m2m3+P23) 

(A. 3-4) 

n2  - 2(m1m2+p12)(m2+p33)+4(m2m3p13+rn1rn3p23+p13p23) 

n3  = 2^mlm3+pi3  ^In2 +P22  ^+4  ^m2rn3P12+ri)lm2P23+P'' 2P23^ 

Expressions  for  still  higher  powers  of  , v2  and  v3  can  be  ob- 
tained by  extending  the  techniques  given  in  Sec  . ion  4.3 

The  following  nonlinearities  are  required  for  3-dj mensional 
coordinate  transformations: 


y - sin  v2  sin  v3 


f = — e 
i 2 e 


1 _^(P22+P33^ 


p23  f 1 

e <m1cos(m2-m3)-(p12-p13)sin(m2-m3)^ 


p23  ( i 

-e  <m1cos(m2+m3)-(p12+p13)sin(m2+m3)S 


nl  2 e 


1 ^ ^ p22+p33  ^ 


P 


23 


-P 


23 


e cos(m2-m3)-e  cos(m3+m3) 

(A. 3-5) 
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n2  ~ ~ 2 e 


1 ~i(p22+P33) 


&23(  \ 

e \m1sin(m2-m3)+(p12-p13)cos(m2-m3)| 


~P23(  \ 

-e  ^m1sin(m2+m3)+(p12+p13)cos(m2+m3)| 


n3  “ 2 e 


1 p22*p33  ^ 


p23  ( j 

e ^m1sin(m2~m3)+(p12-p13)cos(m2-m3)> 


~p23  { \ 

+e  <m1sin(m2+m3)+(p12+p13)cos(m2+m3)i 


( A . 3-5) ( Cont . ) 


y = v1  cos  v2  cos  v3 


f = ^ e 


-$(P22+p33) 


^23  i > 

e ^m1cos(m2-m3)-(p12-p13)sin(m2-m3)> 


'p23  ( \ 

+e  ^m1cos(m2+m3)-(p12+p;]3)sin(m2+m3)j. 


_ 1 ~i(P22+P33) 


nl  - 2 e 


23 


-p 


23 


e cos(m2-m3 )+e  cos(m2+m3) 


n2  ~ - 2 e 


1 "*(P22+P33) 


F23  ( , 

e |ro1sin(m2-m3)-t-(p12-p13)cos(m2-m3)i 


~P23j 

+e  <|m1f'in(m2+m3)  + (p12+p^  3)cos(m2+m3)| 


__  1 ~i(p22+p33) 


n3  = 2 e 


33^  P 


K23  f 

e (rn1sinCm2-m3)  + (p12-p13)cos(m2-m3)j- 


-e 


p23 


|m^sin(m2+m3)  + (p12+pl3)COs(m9+tn3)|> 

(A. 3-6) 
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y = sin  v2  cos  vg 


- 1 ~“(P22+P33) 

f = 2 e 
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^03 1 I 

e ^m1sin(m2-m3)  + (p12-p13)cos(m2-m3)| 


~P23  i I 

+e  |m1sin(m2+m3 )+(p- 2+p13)cos(m2+m3)^ 


nl  2 e 


1 ^ p22+p33  ^ 


23  , 


-P 


23 


n2  2 e 


1 -i(p22+p33> 


n3  2 e 


1 ~i(p22+p33) 


e sin(m2-m3)+e  sin(m2+m3) 


P23  i I 

e ■^m1cos(m2-m3)-(p12-p13)sin(m2-m3)> 

-p23 1 I 

+e  jm1co.s(m2+m3)-(p12+p13)sin(m2+m3)| 

P23  I ) 

e ■!-m1cos(m2-m3)  + (p12-p13)sin(m2-m3)> 


~P23l'  I 

+e  |m1cos(m2+m3)-(p12+p13)sin(m2+m3)  j- 

(A  3-7) 

The  last  result  is  obtained  in  Example  6 of  Section  4.3;  the 
first  two  nonlinearities  may  be  quasi-linearized  by  the  same 
technique  illustrated  in  that  example. 

A. 4 RIDF’S  FOR  GUIDANCE  LAW  NONLINEARITIES 

A . 4 . 1 Proportional  Guidance 

Referring  to  Eqs.  (3.3-6)  and  (3.5-8),  the  acceleration 
command  is  the  output  of  a limiter  whose  input  is  a highly 


u 

t / 


i ! 

i i 


i 


• ^ 
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nonlinear  function  of  six  system  variables,  viz. 


i 


ac  = fCa^j+a^g+agVj)  ^ f(4>') 


(A. 4-1) 


where  the  components  and  <|>2  are  given  by 
♦l  = V1V6 

(A. 4-2) 

cos(v2+0 ) 

^2  ~ V1  cos(  Vg-0  ) 


The  latter  equation  can  be  expressed  in  terms  of  system  state 
variables  by  substituting  the  LOS  angle  relation, 


to  obtain 


v5cos( v2)-v4sin( v2) 

^ 2 “ V1  VgCOS(  Vg  )+V4Sin(  Vg  ) 


(A. 4-3) 


Assuming  that  the  input  to  the  limiter,  <p  ' in  Eq.(A.4-l), 
is  nearly  gaussian,  we  quasi-linearize  the  acceleration  command 
using  Eq . ( A . 1-9) , 

a = f + nr  , (A. 4-4) 

c 

where  r is  the  random  component  of  tp  and 


(A. 4-5) 


where  m and  o are  the  mean  and  standard  deviation  of  <f>  \ respectively. 
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Next.,  we  must  obtain  the  statistics  of  <j>  1 , i.o.,  m and 
o,  tor  use  in  Ecu.  (A. 4- 5);  to  do  this,  consider  the  throe  con- 
stituents given  in  Eq . (A. 4-1):  The  third  term  is  linear,  thus 
presenting  no  problem,  and  for  the  product  of  variables,  <j)^  of 
Eq . (A. 4-2),  wo  use  Eq . (A. 2-1)  to  obtain 

+ 1 ‘ mlm0  + "16 

nj1'  = mH  (A. 1-6) 


n 


(1) 

6 


= m 


1 


The  second  term,  in  Eq . (A. 4-2),  is  impossible  to  quasi- 
linearize  exactly  in  closed  form  under  the  gauss ian  assumption; 
thus  we  ust'  a generalization  of  the  truncated  series  expansion 
approach  discussed  in  Section  4.5  (Eq.  (4.5-1)): 


v 9 rj  ( m ^ , mg 


• • •'V  + 2 


t t 

i = 1 j = 1 


9m . 9m . 


3 J 


(A. 4-7) 


n 


(2)  = 


D 2 ( m 1 ,m2 m5) 

9nT 

1 


i = 1,2 5 (A. 4-8) 


Listing  the  partial  derivatives  called  for  in  Eq . (A. 4-8)  re- 
quires the  introduction  of  some  auxiliary  notation: 


i,1' , = mreos  m0  - m.sin  m„ 

1 5 2 4 2 

i|>9  = nij-cos  m^  + nijSin  m.^ 

(A. 1-9) 

'[>3  = -m^-sin  m9  - nyos  m 2 
1 l>q  = -m^sin  m3  + m^cos 

In  terms  of  these  expressions,  the  quantities  required  to  evaluate 
Eq . (A. 4 -8)  can  be  shown  to  be 
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^ 2 ( ml ,m2 ’ ' * * ,m5)  " ml  I" 
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1 n2 
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1 1: 
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~T-  ml  K n3 
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mlm5 


2^  sin(m2+m3)  = 


^2  mlm4  , * (2) 

3HT  " ~2~  sin(m2+m3)  = 
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am^mg  [p2 


3m19m3 
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v 2 5 

airram,  = • 3 sin<m2+m3) 


•2U‘"4 


a'm13m5  = JS  sin(m2+m3) 
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Returning  to  Eq.  (A. 4-1),  we  have 


m * ^1^1  ^2^2  a3mi 


(A. 4-11) 


where  and  are  given  in  Eqs.  (A. 4-7)  and  (A. 4-8).  The  ran- 
dom component  of  <j> ' can  be  expressed  in  terms  of  the  quasi-linear 
gains  in  the  same  equations  to  be 


a1n£1^+a2n£2^+a. 


= [rx  r2  . . .r6] 


a2n2 


a2n3 

vS2) 

v42) 


A rTv 


aln6 


(A. 4-12) 


Since  r is  a quasi-linear  combination  of  the  random  components 
of  the  six  variables  v^ , the  variance  is  approximately 


o2  = E [r2]  « E [bTr  r^b] 


T 

bxPb 


(A. 4-13) 


Given  the  statistics  m and  a required  in  Eq.  (A. 4-5), 
the  quasi-linearization  of  Eq.  (A. 4-1)  is  completed  as  follows: 
We  express  a£  as  a mean  f plus  the  inner  product  of  a vector  of 
ridf's  with  the  random  vector, 


a = f + n r 
c — a — 


(A. 4-14) 
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The  quantity  f is  specified  in  Eqs.  (A. 4-6)  and  (A. 4-11)  to 
(A. 4-13),  and  by  inspection 

n = nb  (A. 4-15) 

—a  — 

where  n is  given  in  Eq.  (A. 4-6).  The  foregoing  describing  func- 
tion development  was  originally  performed  and  verified  in  Ref.  4; 
a more  complete  discussion  of  its  basis  is  given  in  that  work. 

The  approach  outlined  above  in  Eqs.  (A. 4-1)  to  (A. 4-15) 
considers  a nonlinearity  of  the  form 

ac  = f ' (vltv2,  . . . ,v6>) 

i.o.,  a nonlinear  function  of  a nonlinearity.  Because  it  is 
essentially  impossible  to  quasi-1 inear ize  this  relation  as  a 
whole,  we  have  first  quasi-linearized  4*  ' to  obtain  the  statistics 
m and  o necessary  to  calculate  the  ridf's  for  f(4>')>  Eq . (A. 4-6), 
then  "cascaded  the  ridf's"  for  the  random  part  in  arriving  at 
Eq.  (A. 4-14).  While  this  is  not  a completely  rigorous  procedure, 
we  must  rely  on  a priori  knowledge  that  in  the  guidance  law,  <J>  ' 
can  reasonably  be  assumed  to  be  nearly  gaussian.  In  this  situa- 
tion, the  above  technique  adequately  represents  the  guidance  law 
nonlinear  effects. 


A. 4. 2 Digital  Guidance 


A major  source  of  nonlinearity  in  the  estimation  algo- 
rithm of  the  guidance  module  is  embodied  in  the  range  dependence 
of  the  Kalman  filter  gain  vector.  Referring  to  the  development 
of  Section  3.5,2,  we  combine  Eqs.  (3.5-15),  (3.5-16),  (3.5-18) 
and  (3.5-22)  to  arrive  at  the  nonlinear  difference  equation 


xf(t+)  « xf  ( tk)  + £ <J>(r) 


z(tk)- 


:f  ( tk  ^ 1 


(A  .4-16) 
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The  time-varying  vector  j>  is  comprised  of  the  first  column  of  the 
filter  covariance  matrix  Pf  (Eqs.  (3.5-19)  and  (3.5-23)),  ip  is 
given  by 


ip(r) 


+ a3ri  + °2r4 


(A. 4-17) 


with  pfll  the  first  diagonal  element  of  Pf  and  °i»02>03  sPeci~ 
fying  the  r.ns  seeker  noise  levels,  and  r is  the  present  range, 


r 


/<2(tk)  + y2(tk) 


(A. 4-18) 


Thus  from  Eq.  (A. 4-16)  we  jee  that  the  first  nonlinearity 
which  must  be  quasi-linearizc  i in  order  to  study  the  nonlinear 
implementation  of  the  filtering  algorithm  is  of  the  form 


f(vl'v2'v3) 


■ v^(r)  » 


v2+v^ 
v2  v3 


al+0t2(v2+v3)+ct3(v2+^3^ 


(A. 4-19) 


where  vj  represents  the  measurement  z (which  is  typically  a linear 
combination  of  system  state  variables;  cf.  Fig.  3.5-5),  v2  and  v^ 
correspond  to  x and  y,  and  the  parameters  correspond  to  the  coef- 
ficients in  the  denominator  of  \p  (Eq . ( A . 4-17))  in  the  obvious  way. 


As  in  the  preceeding  case  (the  proportional  guidance  law, 
Eq.  (A. 4-1)),  the  nonlinearity  in  Eq . (A. 4-19)  is  too  complicated 
to  permit  the  derivation  of  exact  ridf's.  We  thus  again  resort 
to  the  truncated  series  expansion  technique  derived  in  Section  4.5: 


f “ 


f(m)  + ~ 


j=l  k*l 


92f (m) 
9mj9mk  pjk 


n 


j 


9f(m) 

9nT. 


j - 1.2,3 


(A. 4-20) 


The  details  required  to  complete  the  quasi-linearization  of  f 
are  the  partial  derivatives  indicated  in  Eq . (A. 4- 20): 
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(A. 4-21) 


(A. 4-22) 


(A. 4-23) 
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These  relations  complete  the  quasi-linearization  of  Eq . (A. 4-19) 
according  to  Eq.  (A. 4-20). 


The  second  nonlinearity  in  Eq.  (A. 4-16)  is  of  the  form 


f(vl’v2-v3>  = v] 


tKr) 


Va2(V2+V3)+a3(VV3r 


(A. 4-24) 


[ ' r 

t i. 


where  now  represents  the  first  filter  state,  xf^.  As  above, 
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(A. 4-26) 


(A. 4-27) 
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f 8n,1m2m3  p 2 2,  , _2,“| 

^ = "dV'j  L(a2"(1la3)  + 3ot3mr(a2+a3mr)J 


attigci 


a2f 

3m2 


2 2 

2m1(a2+2a 3mr ) 8m^m3 

+ ~~K 

dz(mr)  d^Cmr) 

r 2 2 2 "I 

L(0l2‘ala3)  + 3a3mr(a2^3mr)J 


( A . 4-27 ) ( Cont . ) 


complete  the  requirements  for  a quasi-linear  representation  of 
the  second  basic  Kalman  filter  nonlinearity  specified  in  Eq . 

(A. 4-24),  in  accordance  with  Eq . (A. 4-20). 

A second  important  source  of  nonlinearity  in  the  digital 
guidance  module  is  the  tg0-dependence  of  the  optimal  control  gains, 
and  the  acceleration  command  limiter.  The  latter  is  of  the  same 
form  as  indicated  in  Eq . (A.4-1), 

ac  = f (clvl+c2v2+C3V3^  ~ f($’)  (A. 4-28) 


where  v^.Vg  and  represent  the  Kalman  filter  estimates  of 
missile-target  lateral  separation,  y,  lateral  separation  rate,  y, 
and  missile  acceleration,  at , as  discussed  in  Section  3.5.2.  The 
gains  c^  considered  here  are  those  given  in  Eqs.  (3.5-271  to 
(3.5-30),  under  tin  assumptions  that  the  missile  dynamics  arc 
neglected  (by  permitting  w to  approach  infinity)  and  that  the 
control  effort  weighting,  y , in  the  performance  index,  Eq. (3.5-24), 
is  zero: 
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(A. 4-29) 
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The  gain  c~  can  reasonably  be  simplified  by  taking  the  first  5 

* — W t i go 

terms  of  the  expansion  of  e , i.e.  , 

c3  a 3 [1  - 5 "t‘Bo  + A KV2]  (A'4-3 

is  a good  approximation  until  the  last  fraction  of  a second  of 
an  engagement  and  is  more  readily  implemented  in  the  guidance 
module. 


In  order  to  estimate  tgu,  the  digital  system  may  hold 
the  range  from  the  previous  measurement,  r^-i , and  difference 
it  with  the  present  value,  as  indicated  in  Eq . (3.5-32),  viz. 


t 


go 


r / 


v*+v; 


(A. 4-31) 


where  vg  represents  the  digital  state  holding  r^_j , and  / v^+v| 
is  the  present  range  in  cartesian  coordinates  in  the  state  vec- 
tor formulation. 


Combining  Eqs.  (A. 4-27)  to  (A. 4-30)  yields  the  complete 
nonlinear  representation  of  the  acceleration  command  limiter 
input : 
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where 


a 


(i)  . T 
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(A. 4-33) 


Since  the  basic  form  given  in  Eqs.  (A. 4-28)  and  (A. 4-32)  is 
exactly  analogous  to  that  treated  in  the  proportional  guidance 
law,  Section  A. 4-1,  we  can  abbreviate  the  previous  presentation 
as  lollows:  First,  the  variance  of  (p  ' is  given  approximately 

by  Eq.  (A. 4-13), 


.1 

ill 

.1 
J 
] 


a2  = bT  Pb 


where  b is  the  vector  of  first  partial  derivatives  of  <p ' (m)  , viz 


1 1 


.1 


b„  = 


3 (p ’ (m) 


3 [mc-  /^f+n4] 


3m 


1 


r2^m24-™2A 

r s m4  +m5 ) 


. 3(nu-m  )' 
4 6 r ' 

( T m )2 
v s r ’ 


3rnr> 


t m 
s r 


_ 3 cj) 


3m0 


«> 


a ,,  m 


a 


m 


i' 


6 m^-in 
6 r 


24  , ,2 


I) , 


HI’ 

3 m 


- = m , 


6m..  m „(mv-m„) 

- o * o zb 


2 

r m 
s r 


2-]2 


3 

x m 
s r 


(A. 4-34) 


u4m3m6 
2mr(mG-mr)' 


— + 


a4m3m6 

4(mc  -m  V 
6 r 


, = Ml 

5 3m.. 


>nSb4 


A-28 


— m-r--iiiwi.iT-  n 


THE  ANALYTIC  SCIENCES  CORPORATION 
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Then  we  evaluate  m using  the  approximation  of  Eq . (A. 4-7),  for 
which  we  require  the  following  second  partial  derivatives: 
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(A.4-35)(Cont.) 
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With  these  results,  we  have  the  vector  - required  to  evaluate  a 
(Eq.  (A. 4-13))  and  the  second  partial  derivatives  needed  to  ob- 
tain m according  to 
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6 6 

= 4>'(m)  + | Yj  I! 


92A 


2 (A  j=l  a“i8“j  ^ 


(A. 4-36) 


These  statistics  permit  the  calculation  of  the  limiter  ridf's, 

A 

Eq.  (A. 4-6);  f is  then  the  required  mean  component  of  the  limited 
digital  acceleration  command  and  the  random  component  ridf  vector 
is  simply 


n = nb  (A. 4-37) 

cL 

as  before  (Eq.  (A. 4-15)).  This  completes  the  quasi-linear  repre- 
sentation of  the  Kalman  filter  gains  and  optimal  control  gains  in 
the  digital  guidance  module. 

The  random  input  describing  functions  catalogued  in  this 
appendix  should  be  sufficiently  inclusive  to  permit  the  direct 
quasi-linearization  of  a quite  broad  variety  of  system  models 
representing  the  missile-target  intercept  problem.  The  examples 
and  new  results  given  in  Chapter  4 (especially  Cases  1 to  3 of 
Section  4.3)  allow  ridf's  to  be  calculated  for  a number  of  other 
nonlinearities  with  a relatively  modest  analytic  effort.  A 
majority  of  the  nonlinearities  treated  in  this  handbook  are  also 
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of  common  occurrence  in  other  nonlinear  system  models,  so  it  is  Jj 

our  hope  that  Chapter  4 and  this  appendix  will  facilitate  the 
use  of  CADET  in  other  applications  as  well.  Jj 
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APPENDIX  B 
EXTENSIONS  OF  CADET 


B . 1 INTRODUCTION 

We  have  indicated  that  there  are  situations  in  which  the 
basic  CADET  methodology  is  inadequate.  As  discussed  in  Section 
4.2,  the  most  common  difficulty  that  arises  is  that  the  random 
component  of  a nonlinearity  input,  , has  zero  correlation  with 
the  output,  z = f(vi).  For  example, 

z = cos  v1,  E = m^  = 0 

Z * viv2 ••  E [vi]  = = °>  i " 1*2 

are  cases  for  which 

E f"z  v.]  2 0 

where  v-^  is  a gaussian  random  variable.  In  this  event,  the  ran- 
dom input  describing  functions  (ridf's)  for  the  random  compo- 
nent — which  by  definition  only  capture  the  nonlinearity  input- 
output  relations  for  the  correlated  components  of  the  output  — 
are  identically  zero.  If  this  problem  occurs  in  a primary  trans- 
mission path  of  the  system  model,  a statistical  analysis  using 
the  basic  CADET  approach  may  be  significantly  in  error. 

A practical  resolution  of  the  difficulty  described  above 
has  been  proposed  in  Ref.  20.  It  is  based  on  the  selective 
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relaxation  of  the  assumption  that  all  of  the  state  variables  are 
jointly  normal;  in  this  way  it  is  possible  to  propagate  the  first 
and  second-order  statistics,  m and  P,  accurately  using  modified 
CADET  methodology  if  some  of  the  higher-order  moments  (cor- 
responding to  the  states  that  are  not  assumed  to  be  gaussian)  are 
propagated  as  well,* 

We  present  the  essentials  of  Modified  CADET  via  treat- 
ment of  a simple  low-order  example.  This  material  is  directly 
based  on  the  research  documented  in  Ref.  20. 

B . 2 BASIC  CADET  FAILURE 

In  this  section,  we  analyze  an  example  using  both  the 
basic  CADET  approach  and  a direct  solution  technique  (which  is 
too  cumbersome  to  use  in  all  but  the  simplest  situations)  to 
demonstrate  the  need  for  extension  of  CADET  in  some  circumstances 
Consider  the  nonlinear  system  depicted  in  Fig.  B.2-1,  which  has 
an  output  that  is  the  integral  of  a simple  product  nonlinearity 
driven  by  twc  random  biases.  We  assume  that  the  corresponding 
state  vector  differential  equation  and  initial  conditions  are 
given  by 

0 

0 (B.2-1) 

xlx2 

mio 

E [x(0)]  = mQ  = m2o  (B.2-2) 

_m30_ 

— 

If  all  state  variables  are  jointly  normal,  then  m and  P com- 
pletely characterize  the  statistical  properties  of  the  system 
variables  and  higher-order  moments  are  redundant. 
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Figure  B.2-1  A Product  Nonlinearity  Driven 

by  Random  Biases 


E [(x(0)-mo)(x(0)-mo)TJ  & PQ 


Pll0  Pl20  0 

Pl20  P220  0 

0 0 P330 


(B.2-3) 


Equation  (B.2-3)  indicates  that  the  initial  condition  on  X3  is 
independent  of  those  on  the  first  two  states.  Since  there  are 
no  random  inputs  (w  = 0),  the  evolution  of  the  state  variables  is 
completely  determined  by  the  random  initial  conditions. 


First,  we  indicate  the  exact  solution,  which  can  be 
obtained  by  direct  integration.  For  any  initial  conditions  x^q 
and  X2q,  the  first  t./o  states  remain  constant,  by  Eq.  (B.2-1). 
The  solution  for  the  third  state  is  then  given  by 

x3(t>  = x30  + xl0x20t  (B . 2-4) 

Taking  the  mean  and  variance  of  this  solution,  using  the  statis- 
tics specified  in  Eqs.  (B.2-2)  and  (B.2-3),  we  obtain 


m3(t)  = m3()  + (fni0m2o+Pi20)t 
P33(t)  = p33o+  [mi0(mloP22c+m2oPi20) 

+m2o^m20Pllc+mi0Pl2o)+Pll0P22o+P^2o]  t2 


(EL  2-5) 
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In  applying  basic  ’ADET , Eqs.  (1.2~(>)  and  (1.2-7).  we 
require  the  ridf’s  given  by 


r ■>  ■ 

° 1 

0 

a 

0 

| K Cxlx2- 

nlm2+p12 

NP  - E [f(x)rT]  - 


0 

0 


[x1.\2r1]  E [xj-.jjrg]  E [x1x2r3]  j 


0 
0 

mlp12+m2pll+t 


0 

0 


Bs] 


(B.2-6) 


mlP22tm2p12+E[rlr2]  "l1’23*“2p13*E  [r1r2r3_ 


Under  the  assumption  that  all  of  the  states  are  jointly  normal,  the 
expected  values  of  the  form  E [rj^rj],  j - 1,2,3,  given  in  the 
third  row  or  NP  in  Eq . (B.2-6)  arc  all  zero.  We  can  then  evaluate 
the  time  derivatives  or  m3(t)  and  p33(t)  using  Eq.  (1.2-7),  and 
integrate  directly  to  obtain 


m3(r)  = m3n  + + Pio  >t 

0 A0  ^'0  120 


(B.2-7) 


v . O-  i ; 

P33(t)  - P„o+  [-l0‘”l0>'22^2op12o)tm2o(m2opn(tmlop12o)]  t* 

On  comparing  Eqs . (B.  2-5)  and  (B.2-7)  we  observe  that  the 
mean  is  propagated  correctly  by  basic  CADET  in  the  above  example. 

In  the  variance  equation,  however,  we  note  that  the  terms  pn  p22  r 
and  (p120t)"  a'e  absont  in  the  CADET  result.  If  mlQ  and  m2  are  ° 
zero,  CADET  indicates  that  P33U)  is  identically  equal  to  its 
initial  value  p33o,  while  the  exact  result  increases  with  time, 
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PggU) 


m 


, -m.{  -0 


* Pa30  + (P'20 


+ ^11  ^22 
ll0  0 


(B . 2-8) 


In  the  general  case  (nonzero  means  and  correlated  states  driving 
the  product  nonlinearity),  then,  CADET  will  do  relatively  well 
in  estimating  the  variance  of  X3  if 


2mt  mg  p<2  + mo  P11  + mi  &22  >>  ^11  ^22  + P?o  (B.2-9) 

0 *0  0 Z0  110  0 0 0 *0  12o 


This  is  a quite  restrictive  condition. 


As  demonstrated  in  Section  1.2,  CADET  will  propagate  the 
mean  and  covariance  of  the  nonlinear  system  exactly  if  the  ex- 
pected values  appearing  in  Eq.  (.8.2-6)  are  correctly  evaluated. 
Basic  CADET  does  not  evaluate  these  expectations  appropriately 
for  the  product  nonlinearity  just  considered,  because  the  proba- 
bility density  function  of  the  product  of  two  gaussian  random 
variables  is  clearly  nongaussian.  Thus  x3  cannot  be  assumed  to 
be  jointly  normal  with  x^  and  Xg  without  causing  CADET  accuracy 
deterioration,  except  in  cases  that  satisfy  Eq.  (B.2-9).  An 
approach  for  modifying  CADET,  which  tends  to  eliminate  this  source 
of  error,  is  introduced  and  explained  in  the  next  section. 


B . 3 TWO  GENERALIZATIONS  OF  CADET 

B . 3 . 1 Exact  Solutions  via  Higher  Moment  Propagation 

Having  motivated  the  need  for  generalizing  basic  CADET 
by  demonstrating  its  breakdown  for  a system  having  a product  non- 
linearity, a technique  for  extending  CADET  is  introduced  using  the 
srune  example.  Consider  the  problem  originally  posed  in  Section 
B.2  — the  nonlinear  system  of  Fig.  B.2-1  driven  by  two  random 
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bias  states.  Since  is  not  jointly  gauss i an  with  and  x^, 
no  assumptions  art*  made  regarding  the  density  function  of  x^. 

The  states  driving  the  nonlinearity  are  still  given  to  be  jointly 
normal.  Referring  to  Eq . (B.2-6).  lack  of  knowledge  ot  the  joint 
density  P(xi>x2’x3^  implies  that  the  term  E Crir2r3^  cannot  bo 
immediately  evaluated.  In  order  to  obtain  this  otherwise  unknown 
higher-order  moment,  consider  its  propagation  in  time,  in  the 
same  sense  that  basic  CADET  considers  the  propagation  of  the 
mean  and  covariance.  Making  use  of  the  chain  rule  and  the  com- 
mutativity of  differentiation  and  expectation,  we  obtain  the  fol- 
lowing expression  for  the  derivation  of  the  higher-order  moment: 


123 


- 3t  E[r!r2r3]  ' K[v'2r:i]  + E[ri;V:i]  + E[rir2f3_ 


The  first  two  terms  are  zero  since  r^  and  r 2 are  constant;  the 
last  term  is  evaluated  using 


= x,  x..  - 
L0  *0 


m m +P19 
0 ^0  ^0 


to  be 


P123  = pll0p220  + P 


12 


0 


(13.3-1  ) 


Integrating  Eq . (B.3-1),  and  substituting  into  Eq . (B.2-6),  we 

have 


0 


0 


NP  » 


0 


0 


0 

0 


h„pi20*lViic}  {vVV*so> 


13 


11  1 • 
0 ~* 


+Pi-  ! 1 } ! 
) I"C  l 


( 5.3-2) 
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Evaluating  f*  according  to  Eq . (1.2-7)  and  integrating,  we  obtain 
the  result  given  in  Eq.  (B.2-5)  which  is  the  exact  solution  to 
the  problem. 

To  summarize  this  methodology,  the  lack  of  knowledge  about 
the  joint  probability  density  function  of  the  system  states  is  com- 
pensated by  introducing  additional  differential  equations  that 
govern  the  propagation  of  selected  higher-order  moments  of  the 
state  variables.  Initially,  the  components  of  the  state  vector 
may  be  assumed  to  be  jointly  gaussian  in  distribution;  this 
establishes  the  initial  values  of  the  higher-order  moments.  As 
these  moments  propagate,  however,  the  normal  relation  between  m, 

P and  the  higher-order  moments  disappears,  due  to  the  evolving 
nongnussian  nature  of  the  system  states  caused  by  the  existence 
of  the  nonlinearity  in  the  system. 


B . 3 . 2 A Further  Application  of  Exact  Higher  Moment 
Propagation 


A more  complicated  dynamic  system  containing  the  product 
nonlinearity  is  shown  in  Fig.  B.3-1.  The  two  nonlinearity  input 
states  are  assumed  to  be  band-limited  gaussian  processes  with  cor- 
relation determined  by  the  parameter  a,  and  the  output  of  the  mul- 
tiplier is  passed  through  two  stages  of  low-pass  linear  dynamics. 
The  state  vector  differential  equation  formulation  of  this  sys- 
tem model  is  given  by 


"-1 

0 

0 

0 

0 

1 

0" 

=x 

0 

-1 

0 

0 

X + 

0 

+ 

a 

1 

0 

0 

-0.1 

0 

0.1  x^Xg 

0 

0 

0 

0 

0.1 

~0.1_ 

0 

0 

0_ 

where  x and  w are  the  state  vector  and  the  input  vector  of  gaussian 
white  noise  processes,  respectively.  Note  that  the  correlation 
between  x^  and  X2  is  given  by 
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Figure  B.3-1  Dynamic  System  With  a Product- 

o f-Stiii  os  Non  1 i near  i t y 

p12  = aol  (B.3-1) 

so  the  degree  of  correlation  is  directly  proportional  to  <x . The 
state  variable  initial  conditions  were  chosen  to  be  zero;  then 
given  the  constant  input  means,  b. , and  spectral  densities,  q 
(refer  to  Eq . (1.1-2)).  the  statistics  of  the  states  driving  the 
multiplier  can  be  directly  obtained  to  be 


ni  l ~ - e ) 


P11  = ql(1  ' e_2t) 


( B 


r> ) 


m2  * 0>2  + o:b1)(l  - e_t ) 

P 2 2 ~ ( R 2 - e ) 

The  statistical  analysis  of  the  system  depicted  in  Fig. 
B.3-1  was  carried  out  in  Ref.  20  by  applying  basic  CADET,  exact 
higher  moment  propagation  (hereafter  designated  liMP).  and  the 
monte  carlo  method  (200  trials).  In  the  cases  presented  lure, 
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a is  taken  to  be  0.1,  and  the  input  white  noise  processes  were 
chosen  I o have  means  and  spectral  densities  given  by  bi  = 0.01, 
q^^  =*  1.0  respectively.  Consequently,  from  Eq.  (B.3-5)  we  observe 
that  the  means  are  much  less  than  the  rms  values,  so,  as  indicated 
in  Eq.  (B.2-9),  it  would  be  anticipated  that  CADET  would  be  quite 
inaccurate  in  this  circumstance.  The  results  are  portrayed  in 
Fig.  B.3-2;  since  the  driving  states,  and  x2  , are  jointly 
gaussian,  we  confine  our  attention  to  the  evolution  of  o3  and 
with  time.  Observe  that  the  HMP  result  is  exact,  as  verified  by 
the  monte  carlo  data,  while  the  basic  CADET  analysis  is  completely 
inadequate  in  its  projection  of  and  versus  time. 

For  the  above  example  the  HMP  analysis  only  entailed  the 
propagation  of  two  higher-order  moments,  E Crir2r'l^  and  E £r^r2r  j]. 
The  computer  time  expenditure  was  thus  nearly  identical  with  that 
of  basic  CADET;  the  monte  carlo  analysis  required  26  times  the 
CADET  computational  expense. 

A question  of  some  importance  regarding  the  general  prac- 
ticality of  HMP  concerns  the  impact  of  increasing  the  complexity 
of  the  system  before  and  after  the  nonlinearity.  As  demonstrated 
in  Ref.  20,  simply  introducing  coupling  between  states  1 and  2, 
e.g.  replacing  the  first  two  state  variable  differential  equations 
in  Eq.  (B.3-3)  with 


= 


a12X2 


+ w. 


a22X2  + 


wr 


irereases  the  number  of  higher  order  moments  that  must  be  propa- 
gated from  2 to  <1.  A similar  increase  in  computational  complexity 
occurs  when  the  system  is  made  more  complicated  following  the  non- 
linearity. Thus  the  analysis  of  high-order  closed- loop  systems 
via  HMP  may  be  impractical. 
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B . 3 . 3 Modified  CADET 

The  Modified  CADET  methodology  suggested  in  Ref.  20 
serves  the  purpose  of  providing  a significant  increase  in  the 
accuracy  of  CADET  without  the  great  increase  in  computational 
burden  that  may  be  necessitated  in  using  HMP  to  treat  high-order 
systems,  especially  those  in  a closed-loop  configuration  where 
all  or  nearly  all  of  the  system  state  variables  may  be  nongaussian . 

The  application  of  Modified  CADET  to  the  simple  system 
treated  in  the  preceding  section  (Fig.  b.3-1),  containing  a pro- 
duct nonlinearity  followed  by  two  stages  of  linear  dynamics,  is 
summarized  by  the  following  basic  steps: 

• Relax  the  gaussian  assumption  only  on  that 
component  of  the  state  vector  "nearest"  the 
output  of  the  nonlinearity  (i.e.,~  xa  in 
Fig.  B.3-1);  retain  the  assumption  of  joint 
normality  on  all  other  states. 

• Develop  expressions  for  the  derivatives  of 
all  resulting  unknown  higher-order  moments 
appearing  in  the  evaluation  of  the  expected 
values  in  £ and  NP,  Eq.  (1.2-6)  (as  in 

Eq.  (B . 2-6 ) ) . 

• Integrate  these  derivatives  along  with  the 
derivatives  of  the  system  mean  and  covari- 
ance from  assumed  initial  values. 

The  rationale  behind  this  selective  assumption  of  joint  normality 
is  that  in  general,  states  more  than  a few  integrations  from  the 
nonlinearity  (e.g.,  in  Fig.  B.3-1)  can  be  assumed  to  be  jointly 

normal  with  respect  to  other  gaussian  states  (e.g.,  x-^  and  Xg  in 
the  same  figure),  for  reasons  discussed  in  Section  1.2. 

To  demonstrate  the  usefulness  of  Modified  CADET,  we  treat 
the  same  example  as  above  (Figs.  B.3-1  and  B.3-2)  under  the  assump- 
tion that  X4  is  gaussian.  Then  E [r^rgr^  is  identically  zero,  and 
only  one  higher-order  moment  is  propagated.  The  corresponding  time 
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history  of  is  compared  with  the  HMP  result  in  Fig.  B.3-3; 
clearly  it  provides  a close  approximation  to  the  exact  solution. 


H10?99 


Figure  B.3-3  Modified  CADET  Solution  For  the 

System  Shown  in  Fig.  B.3-1  With 
Only  One  State  Assumed  Nongaussian 

Modified  CADET  represents  a methodology  which  potentially 
broadens  the  usefulness  of  the  CADET  concept,  permitting  its 
applicability  to  a wider  class  of  nonlinear  systems.  For  the  low- 
order  examples  presented  in  this  appendix,  Modified  CADET  has 
clear-cut  advantages,  and  we  anticipate  that  it  will  be  a useful 
method  for  improving  the  accuracy  of  statistical  analyses  for  more 
complex  systems. 
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APPENDIX  C 

THE  MONTE  CARLO  METHOD:  APPLICATION  AND  RELIABILITY 


C.l  DESCRIPTION  OF  THE  TECHNIQUE 

The  monte  carlo  method  provides  an  approach  for  the 
statistical  analysis  of  the  performance  of  a nonlinear  system 
with  random  inputs,  based  on  direct  simulation.  *•.  entails  de- 
termining the  system  response  to  a finite  number  of  "typical" 
initial  conditions  and  noise  input  functions  which  are  gener- 
ated according  to  their  specified  statistics.  Thus,  the  infor- 
mation required  for  monte  carlo  analysis  includes  the  system 
model,  initial  condition  statistics,  and  random  input  statistics. 

The  system  model  can  be  given  in  the  form  of  a state 
vector  differential  equation, 

x = f(x,£, t ) (C. 1-1) 

where  x is  the  vector  of  system  states,  £ is  a vector  of  random 
inputs,  and  ^(x,y,t)  represents  the  nonlinear  time-varying  dy- 
namic relationships  in  the  system.  We  assume  at  the  outset  that 
the  elements  of  y are  correlated  random  processes  with  deter- 
ministic components  that  may  be  nonzero;  in  this  case,  a system 
model  of  the  form 

x = f(x,t)  + G(t)  w(t)  (C.l-2) 

where  w is  the  sum  of  a vector  of  white  noise  processes  and  a 
deterministic  vector  can  generally  be  obtained  that  is  equiva- 
lent to  Eq.  (C.l-1),  as  discussed  in  Section  1.2.  Henceforth, 
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we  treat  Kq.  (C.l-2)  as  thc»  basic  system  model;  it  is  por- 
trayed in  block  diagram  notation  in  Fig.  ('.1-1. 


i: 

t 


f 


f 


y 
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Figure  C.l-1  Nonlinear  System  Model 


The  initial  condition  of  the  state  vector  is  specified 
by  assuming  that  the  state  variables  are  jointly  normal.  Thus, 
given  an  initial  mean  vector  and  covariance  matrix*, 


E [ x( 0 ) J = m0 

E [ ( x( 0)  - m0)(xC0)  - m0)T]  = PQ 


(C.l-3) 


the  initial  condition  specification  is  complete.  As  stated 
above?,  the  input  vector  w is  assumed  to  be  composed  of  elements 
that  arc  white  noise  processes,  plus  an  additive  deterministic 
component  or  mean;  thus 


E [w(t>]  = b(t) 

F Q(w( t )-b(  t ) ) (w(  i )-b(i  ) )T]  = QCt)  <S(t-r) 


(C.l-1) 


*E  L ] denotes  the  expected  value  of  the  bracketed  variable. 


THE  ANALYTIC  SCIENCE8  CORPORATION 


where  Q(t)  is  the  input  spectral  density  matrix  and  the  impulse 
function  6( t-x)  indicates  that  the  input  vector  random  components 
have  zero  autocorrelation  for  t f t;  i.e.,  the  quantity  u(t)  ■ 
w(t)-b(t)  is  "white  noise",  as  stated. 

Given  the  above  information,  monte  carlo  analysis  re- 
quires a large  number,  say  q,  of  representative  simulations  of 
the  system  response,  viz.,  the  q-fold  repetition  of  the  following 
procedure:  First,  an  initial  condition  vector  is  chosen  according 
to  the  statistics  indicated  above;  i.e.,  a random  number  genera- 
tor calculates  the  elements  of  a random  vector  x(0)  based  on  Eq. 
(C.l-3).  Then  a random  initial  input  vector,  w(0),  is  generated, 
using  the  statistics  given  in  Eq.  (C.l-4)*.  These  vectors  pro- 
vide the  data  for  evaluation  of  x(0)  in  Eq.(C.l-2)  which  in  turn 
is  used  to  propagate  the  solution  from  t-0  to  t*h  according  to 
any  standard  technique  for  the  digital  integration  of  a state 
vector  differential  equation.  Then,  given  x(h),  simulation  con- 
tinues by  the  generation  of  a new  value  of  the  input  noise  vector 
w(h),  evaluation  of  x(h),  numerical  integration  to  obtain  x(2h) 
and  so  on,  to  the  specified  terminal  time  tf. 

*We  simulate  white  noise  with  spectral  density  matrix  Q(t)  by 
using  a random  number  generator  to  obtain  an  independent  sequence 
of  random  vectors  u(kh).  k-0,1,2,...  satisfying 

E[u(kh>]  - 0 

E[u(kh)uT(kh)]  - | Q(kh) 


Then  we  define  u(t)  by 

u(t)  * u(kh),  kh  < t < (k+l)h 


where  h is  a small  time  increment.  For  h small  (1/h  much  larger 
than  the  bandwidth  of  the  system  in  question),  u(t)  is  an  accu- 
rate approximation  to  a white  noise  process. 
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Perfeirming  q independent  simulations  yields  an  ensemble 
of  state  trajectories,  each  denoted  ^ (t:x^\o),  w^\t))  to 
stress  the  dependence  of  the  trajectory  on  the  random  initial 
condition  and  noise  input  sample  function; 


x(1)(t;  x(1)(0),  w(1)(t)) 


x(2)(t;  x(2>(0),  w(2)(t) ) 


Y;  o<t-t 


(C.l-5) 


x ^ ) ( t ; x(q)(0) , w ^ q ^ ( t ) ) 


Each  satisfies  the  state  vector  differential  equation  (Kq. 

( C . 1 — 2 ) ) to  within  the  accuracy  of  the  numerical  integration 
method  used,  and  the  ensembles  of  initial  conditions,  (0), 

and  random  inputs,  w^^t),  obey  the  statistical  conditions 
given  in  Eqs.  (C.l-3)  and  (C.l-4),  subject  to  the  limitations 
of  the  random  number  generator  employed.  The  moan  m( t ) and 
covariance  P(t)  of  the  state  vector  are  estimated  by  averaging 
over  the  ensemble  of  trajectories  using  the  relations 


m(t)  « ^ ^ x(l)(t)  = m(t> 
i=l 

(C.l-6) 

P(t)  = -Xr  V (x(  i)(t)-m(  n)(x(  i)(t)-m(t  ))T  = P(t) 

q_i  f-'  ~ 


whore  m(t)  and  P(t)  denote  the  estimated  value's  . Tno  essence' 
e)l  the'  meinte^  carlo  technique'  is  illustrated  in  Fig.  C.l-2. 


In  estimating  P,  we  observe*  that  it  is 
((]-!),  since  the  sample?  variance, 


q 

A 1 'ST  , ( i)  •'  w ( i ) - ,T 
(x  -m ) ( x -m ) 


H q i = l 
is  biased  (Ref.  8),  i.e.. 


necessary 


to  divide  by 


E 


P 
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Figure  C.l-2  Schematic  Characterization  of  the 

Monte  Carlo  Technique 


C.2  ASSESSMENT  OF  ACCURACY  ~ CONFIDENCE  INTERVALS 

In  order  to  assess  the  accuracy  of  the  approximate  sta- 
tistics given  in  Eq.  (C.l-6),  it  is  necessary  to  consider  the 
statistical  properties  of  the  estimates  m(t)  and  P(t).  To  sim- 
plify the  notation,  consider  a scalar  random  variable  y (e.g. , 
the  value  of  some  system  state  variable  at  some  time  of  interest), 
and  let  m and  p represent  the  true  values  of  the  mean  and  vari- 
ance of  y, 


m - E [yj 
p - E [(y  - m)2] 


(C.2-1) 


By  performing  one  set  of  q monte  carlo  trials,  we  obtain  a single 
estimate  of  m and  p,  which  we  denote  m and  p.  These  estimates 
are  also  random  variables;  that  is,  if  another  set  of  q monte 
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carlo  trials  were  performed  independent ly  of  the  first  set,  but 
with  the  same  statistics  for  the  initial  conditions  and  noise 
inputs,  then  a different  ensemble  of  simulations  results,  and 
different  estimates  for  the  mean  and  variance  would  be  obtained. 
If  q is  sufficiently  large,  then  we  can  invoke  the  central  limit 

A 

theorem  to  Justify  the  assumption  that  the  random  variables  m 

A 

and  p are  gaussian*,  a.d  thus  that  their  distributions  are 
asymptotically  specified  by  the  following  statistics  for  large 
q (Ref.  21): 

E[ni]  - m 

E[p]  - p 

a - 2 * E[(m  - tr)2] 
m J 

o^2  6 E[(p  - p)2] 


£ 

q 


11  4 ' P 


(C. 2-2) 


where  is  the  fourth  central  moment, 

P4  - E [(y  - m)4]  (C.2-3) 

For  many  common  probability  density  functions  (pdf's),  a con- 
st nt  1 exists  su'-h  that 


li 


4 


(C.2-4) 


Table  C.2-1  gives  a summary  of  values  of  A,  known  as  the  kurto- 
sis  or  excess  of  the  density,  lor  some  common  j,<n  ,,,  {,,,  p(jj  • 


* " 

For  q<20,  it  is  necessary  to  assume  that  p has  the  chi 
distribution  if  y is  a gaussian  variable  (Ref.  22)’  if 
signi ficantly  nongaussian,  the  validity  of  the  gaussian 

sump tj on  for  m and  p may  require  considerably  more  than 
trials . 


square 
y i s 
as- 

t wen  ty 
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TABLE  C. 2-1 

SOME  COMMON  PROBABILITY  DENSITY  FUNCTIONS 


DESIGNATION 


TRIANGULAR 


UNIFORM 


BIPOLAR 

(Ottcrata) 


FUNCTIONAL 

REPRESENTATION* 


GRAPHICAL 

REPRESENTATION 


EXPONENTIAL  /I* 


b 4 


- CO  < » < ♦ CO 


NORMAL  /Yw<j 


• „ / I i K-m  | * 


•CO  <H<  « CO 


/to  \ /to  /* 

m- 76*5  *5  m*/tcr  m-ji? 


/no,  /&* 

m-/jcr  < •<  < m */So  m.yjJ 


m m+/6? 


■jr  A (a-m-ff  ) 
♦ -A-  B ( « - ii* ♦ a ) 


Rl*» 

m-a  n*  tn+a 


■mm 


*Fortnula‘«d  lo  hova  maon  m and  tlondord  deviation  a 

of  this  type,  we  can  express  both  of  the  standard  deviations  of 
the  estimated  statistics  given  in  Eq.  (C.2-2)  in  terms  of  the 
true  variance,  p,  to  obtain 


(C.2-5) 


A - 1 


The  above  discussion  of  the  statistics  of  the  gaussian 
random  variable  p provides  the  basis  fcr  determining  a range  in 
the  vicinity  of  p such  that  the  true  value  of  p is  guaranteed  to 


C-7 


lie  within  that  ran^o  with  u spool  fled  probability.  ij<.  This  i s 
done  by  determining  the  number,  , of  standard  deviations,  o , 
such  that 

Prob  ^0  < |p  - P|  1 nnapJ  “ (C.2-6) 
Since  p is  approximately  gaussian,  is  the  solution  to 


<-  | t2)U 


( C . 2-7  ) 


For  example,  if  the  desired  probability  is  0.9r>,  Kq . (C.2-7)  jielils 

n » 1.96.  Other  values  of  n corresponding  to  different  value's  ol 

a o’ 

ip  can  be  obtained  from  probability  integral  tables  (Ref.  18); 
several  representative  values  are  given  in  Table  C.2-2. 

| TABLE  C.2-2 

! CUMULATIVE  PROBABILITY  WITHIN  n 

STANDARD  DEVIATIONS  OF  THE  MEAN 
[ FOR  A GAUSSIAN  RANDOM  VARIABLE 


\ 

i 

i 

i 


no 

1.0 

0.6827 

1.615 

0.9000 

1 . 9f  0 

0.9500 

2.576 

0 . 9900 

\ 

To  reformulate  Eq . (C.2-6)  . n»o  an  i n«'<|  u it  1 it  y for  p, 

we  substitute  for  o from  Eq  (C.2-5)  into  Eq . (C.2-6)  to  obtain 

P 


Prob 


£ 


s’’ 


(C. 2-8) 
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that  is,  the  true  value  of  p lies  between  the  values  g and  p indi- 
cated in  Eq.  (C.2-8)  with  probability  Alternatively,  in  terms 
of  the  estimated  rms  value  of  the  variable.  S,  we  have  the  com- 
parable result 


Prob 


£o  < o < o J 


where  o and  o are  given  by 


(C . ?-9) 


The  quantities  o and  o are  referred  to  as  lower  and  upper  confi- 
dence limits;  the  value  of  i1  expressed  as  a percent  is  the  degree 
of  confidence.  Equation  (C.2-9)  demonstrates  that  the  stand- id 
deviation  confidence  limits  can  be  obtained  from  5 simply  by  using 
the  multipliers  £ and  p.  The  latter  are  functions  only  of  the 
kurtosis,  X,  the  number  of  monte  carlo  trials,  q,  and  the  number 
of  standard  deviations,  n^ , required  to  achieve  the  desired  de- 
gree of  confidence. 

The  problem  of  making  a reasonable  choice  ol  a,  which  de- 
pends upon  the  statistics  of  the  random  variable  y,  must  be  faced 
before  the  confidence  limit  multipliers  can  be  calculated.  One 
option  is  to  determine  an  approximate  value  of  A by  estimating 
the  fourth  central  moment  using  the  q sample  value's  of  the'  vari- 
able y,  and  calculating 

X » u4/p2  ^ x 
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The  value  of  A need  net  be  known  exactly,  since  the  confidence  limits 
a and  o are  not  extremely  sensitive  to  errors  in  this  parameter.  Un- 
fortunately, as  we  note  in  a subsequent  example,  a meaningful  esti- 
mate of  A can  often  require  several  hundred  trials.  In  the  absence  of 
reliable  information  about  the  higher  central  moments,  it  is  fre- 
quently assumed  that  y is  gaussian;  i.e.,  that  A = 3.  However,  if 
•there  is  any  reason  to  believe  that  the  pdf  for  y has  abnormally 
heavily  weighted  tails  — as  in  the  case  of  the  exponential  dis- 
tribution in  Table  C.2-1,  for  example  — then  a larger  value  of  A 
may  be  required  in  order  to  arrive  at  a realistic  assessment  of 
the  accuracy  of  an  estimated  rms  value  obtained  via  the  monte 
carlo  technique. 

Values  of  £ and  p for  A=  3 are  indicated  as  functions  of 
the  number  of  monte  carlo  trials  in  Fig  C.2-1,  for  two  typical 
values  of  confidence.  As  an  example  of  the  significance  of  the 
confidence  interval,  if  we  desire  to  have  99%  certainty  that  o is 
within  10%  of  the  estimated  value,  o;  i.e., 

Prob  [0 . 90  o < o < 1.1  o]  - 0.99  (C.2-10) 

then  Fig.  C.2-1  demonstrates  that  it  is  necessary  to  perform  440 
trials;  256  trials  suffice  for  95%  confidence.* 

Figure  C.2-2  shows  the  deterioration  that  occurs  in  the 
accuracy  of  the  monte  carlo  estimated  standard  deviation,  for  a 
given  level  of  confidence,  if  the  kurtosis  of  the  random  variable 
is  greater  than  3 due  to  y being  nongauss ian.  We  discuss  an  in- 
stance where  A = 15  in  Section  C.3;  in  this  case,  even  for  256 
trials,  the  upper  95%  confidence  limit  is  36%  greater  than  the 
estimated  value  of  o. 

| _ 

Note  that  the  bounds,  £ and  px  are  not  symmetric  with  respect  to 
one;  thus  the  point  at  which  p crosses  1.1  determines  the  value  of 
q for  which  Eq.  (C.2-10)  is  satisfied. 
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Figure  C.2-1  Typical  Confidence  Interval  Multipliers 

for  the  Estimated  Standard  Deviation  of 
a Gaussian  Random  Variable  (A  =3) 


The  confidence  interval  calculation  for  the  estimated 
mean  is  quite  direct,  since  o~  (Eq.  (C.2-5))  is  not  a function  of 

the  mean.  The  same  value  of  n is  obtained  for  the  desired  de* 

o 

gree  of  confidence  (e.g.,  from  Eq.  (C.2-7),  n = 1.96  for  ip  = 

G $ 

0.95  corresponding  to  95%  confidence),  and  the  value  of  p given 
in  Eq.  (C.2-8)  is  used  in  deriving  the  result  that  for  m and 
m given  by 


♦ . — 

While  Om  is  given  by  /p/q  in  Eq.  (C.2-5),  the  true  value  of  p 
is  unknown.  Thus  a conservative  (large)  value  of  oin  is  ob- 
tained by  using  p. 


C-ll 


THE  ANALYTIC  SCIENCES  CORPORATION 


Prob  [m  < m < ra]  * (C.2-12) 

Here,  we  see  that  m and  in  cannot  be  readily  expressed  in  terms 
of  a multiple  of  m. 

The  confidence  limit  concept  developed  above  provides  a 
statistical  measure  of  the  accuracy  of  the  estimated  mean  and 
standard  deviation  of  a random  variable  obtained  by  using  the 
monte  carlo  method.  It  is  only  possible  to  assess  the  accuracy 
of  such  estimates  in  a probabilistic  sense;  e.g.,  for  256  trials, 
we  can  assert,  for  example,  that  an  estimated  standard  deviation 
(rms  value)  of  a gaussian  random  variable  is  within  10%  of  the 
true  value,  with  probability  0.95  (with  95%  confidence).  We  note 
below  that  even  this  assessment  may  be  open  ^o  question  if  kur- 
tosis  is  not  known  at  least  approximately,  however. 


C. 3 ILLUSTRATIVE  EXAMPLES 

Considerable  practical  experience  has  been  gained  in  ap- 
plying the  monte  carlo  method  in  studies  undertaken  to  validate  the 
use  of  CADET  to  provide,  accurate  and  efficient  performance  evalua- 
tions for  tactical  missile  guidance  systems  (Refs.  1,  2 and  4).  The 
significance  of  the  confidence  interval  concept  and  the  important 
role  played  by  kurtosis  have  been  graphically  demonstrated  by  the 
results  obtained,  as  the  following  example  shows  (Ref.4). 

A variable  of  particular  interest  in  the  planar  missile  - 
target  intercept  problem  during  the  terminal  homing  phase  is  the 
cross- range  (lateral)  separation  between  the  missile  and  target, 
denoted  y (refer  to  Fig.  3.2-1).  In  a typical  analysis,  y (and 
all  other  system  variables)  is  assumed  to  be  gaussian  at  the 
initiation  of  the  terminal  homing  phase,  and  y remains  quite 
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Figure  C.3-1  Time  History  of  rms  Missile-Target 
Lateral  Separation 

gaussian  until  the  last  few  seconds  of  the  engagement.  Fig.  C.3-1 
shows  the  variation  of  with  time  during  a six-second  engage- 
ment, where  a quite  highly  nonlinear  system  model  of  the  type 
developed  in  Chapter  3 with  17  state  variables,  9 nonlinearities 
and  5 random  inputs  has  been  used  for  simulation  purposes.  The 
solid  curve  is  obtained  by  CADET,  and  the  results  of  a 500-trial 
monte  carlo  study  are  indicated  with  circled  data  points  to  indi- 
cate and  vertical  I-bars  to  indicate  the  95%  confidence  inter- 
val. The  estimated  value  of  kurtosis  is  also  indicated  near  each 
data  point;  as  observed  above,  A is  nearly  3 until  the  last  second, 
while  at  the  final  time,  t=6  sec,  A is  15,  which  is  indicative  of 
the  quite  highly  nongaussian  character  of  the  final  lateral  separ- 
ation (miss  distance). 

Figure  C.3-2  gives  a more  detailed  view  of  the  CADET  and 
monte  carlo  analysis  depicted  in  Fig.  C.3-1;  for  two  values  of 
time  the  estimated  is  shown  as  a function  of  the  number  of  trials 
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performed,  q.  We  note  in  Fig.  C.3-2a  that  the  estimated  value  of 
0^  at  t=4  appears  to  "settle"  to  about  145  ft  after  a few  hundred 
trials;  after  500  trials  we  have  the  result  that 

Prob  [138  ft  < Oy ( 4 ) < 156  f t ] = 0.95  (C.3-1) 

which  indicates  that  the  monte  carlo  estimate  of  oy  has  nearly 
converged  to  its  true  value  with  high  probability.  The  situation 
at  six  seconds  is  quite  different,  as  demonstrated  in  Fig.  C.3-2b. 
For  A = 15  the  result  of  500  trials  is 

Prob  [24.7  < o (6)  < 33.9  ft]  « 0.95  (C.3-2) 

y 

which  indicate  a considerable  margin  for  error  in  the  monte  carlo 
estimate  of  oy,  on  a percentage  basis. 

A synopsis  of  a part  of  the  data  portrayed  in  Fig.  C.3-2b 
is  provided  in  Table  C.3-1,  broken  down  into  five  sets  of  100  trials 
(set  1 corresponding  to  the  first  100  trials,  set  2 including  trials 
101  to  200,  etc.).  The  data  demonstrates  that  in  this  case  the  re- 
sult of  100  trials  is  highly  random  — with  5^(6)  varying  between 
19.72  ft  and  35.88  ft;  the  variation  exhibited  by  A is  even  more 
dramatic.  We  also  observe  that  there  exists  a clear  relation  be- 
tween A and  a ; a is  small  if  A is  small  and  a is  large  if  A is 

y y y 

large.  This  phenomenon  is  a direct  result  of  the  basic  signifi- 
cance of  kurtosis-  if  A is  appreciably  larger  than  3,  then  the 
"tails"  of  the  density  function  are  abnormally  heavily  weighted  — 
implying  that  there  is  an  unusually  high  probability  of  the  occur- 
rence of  very  large  values  of  the  random  variable  in  comparison 
with  a gaussian  random  variable  having  the  same  standard  deviation. 
(To  cite  an  example,  given  two  random  variables  with  unity  vari- 
ance, y^  normally  distributed  and  y^  exponentially  distributed 
(A  = 6;  Table  C.2-1),  the  probability  that  j y^ | > 3 is  only  0.0027, 
compared  with  the  probability  of  0.0144  that  |yQ|  > 3.)  Thus  the 

£4  — 
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TABLE  C.3-1 

ESTIMATED  STANDARD  DEVIATION  AND  KURTOSIS 
FOR  LATERAL  SEPARATION,  t - 6 sec 


100-Trial 
Set  Number 

A 

X 

1 

19.72 

4 

2 

32.08 

15 

3 

22.25 

6 

4 

25.67 

4 

5 

35.88 

23 

Aggregate* 
(500  Trials) 

27.78 

15 

* A A 

To  obtain  aggregated  values  for  ay  and  X, 
it  is  necessary  to  average  tne  corresponding 
values  of  variance  and  fourth  central  moment 
(Eqs.  (C. 2-2)  and  (C.2-3)). 

incidence  of  several  large  values  of  |y|  in  the  space  of  a few 
trials  results  in  a sudden  jump  in  the  estimated  ay,  as  evident  in 
the  vicinity  of  160  and  440  trials  in  Fig.  C.3-2b,  while  it  is 
probable  that  the  "settling"  observed  during  the  third  and  fourth 
sets  of  trials  is  due  to  the  untypically  benign  character  of  these 
trials  (an  abnormally  small  number  of  trials  occurred  in  which 
} y | is  large).  Table  C.3-1  thus  demonstrates  a fundamental  pro- 
blem with  the  monte  carlo  method  applied  to  nonlinear  systems: 
Analysis  based  on  a modest  but  seemingly  reasonable  number  of 
trials  (say  100)  may  be  quite  inconclusive  unless  the  value  of 
1 is  known  quite  accurately  in  advance.  Thus  the  analyst  should 
be  extremely  cautious  in  assessing  the  reliability  of  monte  carlo 
estimated  statistics,  even  if  the  estimated  kurtosis  is  monitored. 
In  the  preceding  example,  the  importance  of  a few  large  values  of 
miss  distance  that  occur  in  a set  of  trials  in  characterizing  the 
tails  of  the  pdf,  and  thus  in  determining  the  kurtosis  of  a non- 
gaussian  random  variable,  also  demonstrates  that  the  common 
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practice  of  "discarding  the  pathological  trials"  can  lead  to 
very  misleading  results. 


C . 4 CONFIDENCE  INTERVAL  LIMIT  TABLES 


The  confidence  interval  limits  of  an  estimated  standard 
deviation  o can  be  expressed  as  multiples  of  o,  viz., 


o - £ o 

(C.4-1) 

a = p a 


where  p and  p are  determined  only  by  the  desired  degree  of  con- 
fidence, the  kurtosis  of  the  random  variable,  X,  and  the  number 
of  trials  performed,  q.  These  multiples,  £ and  p,  have  the  form 


(C.4-2) 


where  is  determined  by  the  confidence  ij;  expressed  as  a decimal 
fraction , 


exp  (-  ~ C2)d;  - 4' 


(C.4-3) 


This  formulation,  Eq . (C.4-1),  makes  it  particularly  convenient 
to  present  the  confidence  interval  multipliers  in  tabular  form. 
Thus  we  include  Tables  C.4-1  to  C.4-3  for  easy  reference,  giving 
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confidence  interval  multipliers  £ and  p for  90%  confidence  (\p  • 
0.90),  95%  confidence  and  99%  confidence.  This  data  is  directly 
applicable  to  gaussian  variables,  or  any  other  case  where  X ■ 3; 
for  other  values  of  kurtosis,  the  confidence  interval  multipliers 
can  be  determined  by  use  of  the  gaussian  equivalent  number  of 
trials , derivod  as  follows:  for  a specified  degree  of  confidence 
(or,  equivalently,  a given  value  of  n0)  the  multipliers  £ and  £ 
(Eq.  (C.4-2))  are  determined  solely  by  the  ratio  (X  - l)/q.  Thus 
given  a set  of  monte  carlo  trials  typified  by  the  parameters  (q, 
X),  the  confidence  interval  multipliers  are  identical  to  those 
for  (qeq>  3)  whftre  q is  chosen  to  satisfy 

3-1  ^ X - 1 (C.4-4) 


or 


(C. 4-5) 


The  desiied  multipliers  p and  p may  then  be  obtained  from  the 

appropriate  table  of  confidence  interval  .ultipliers  for  gaussian 

random  variables  under  a . 

eq 

Example : Tr  the  preceding  section  we  discussed  a study  of  500 

trials  where  X * 15;  to  obtain  £ and  "p  use 


1000 

“T T 
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as  given  in  Eq.  (C.4-5).  From  Table  C.4-2,  under  the  entry  for  70 
trials,  we  see  that  the  95%  confidence  interval  limit  multipliers 
are  £ * 0.866,  p ■ 1.225. 
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TABU*:  C.4-1 

90  PERCENT  CONFIDENCE  INTERVAL  LIMITS, 
GAUSSIAN  RANDOM  VARIABLES,  q TRIALS 
(n  * 1.645) 


q 

£ 

P 

q 

P 

P 

20 

0.007087 

1.060160 

200 

0.926523 

i ,09*26'; 

22 

0.610031 

1 .025100 

210 

0,92*115 

1 .091*7* 

2a 

0,820566 

1.393521 

220 

0,926600 

1 .0*9268 

20 

0, 626126 

1.167672 

230 

0,911001 

1.087032 

28 

0,611 122 

1 , 305555 

200 

0.932315 

1 , 0**95  1 

10 

0,635670 

1.326815 

250 

0.933555 

1.083007 

32 

0.6168JO 

1,310573 

260 

0.93*726 

1.0*1  I*-. 

la 

0,803666 

1,296316 

270 

0.M58J5 

1 .076t:76 

So 

O,«07216 

1.283735 

280 

0.936888 

1.077667 

18 

0,650511 

1 ,272086 

290 

0.937*86 

1 ,076 Jurt 

ao 

0,853580 

1,262375 

300 

0.916663 

1 .07*912 

02 

0,«56O58 

1.253223 

32* 

0.OU0621 

1 ,072261 

aa 

0.856157 

1,200863 

3O0 

0,ou22ub 

1.0*9*65 

06 

0.661666 

1.237273 

360 

0 ,9« J705 

1 ,06  76*6 

as 

0.86O062 

1.230266 

380 

0,6«f,l27 

1 ,065603 

50 

0,866358 

1.223806 

ooo 

0,6*6*10 

1.06386  i 

55 

0.871527 

1,209615 

O20 

0.6*7605 

1.062173 

60 

0.876101 

1,197662 

ooo 

0.6*8721 

1.060607 

65 

0,880189 

1.187027 

060 

0.9*6767 

1.056151 

10 

0.883970 

1.178501 

080 

0.650750 

1,057763 

75 

0.887213 

1.170702 

500 

0.651676 

1.056522 

80 

0.860265 

1,163826 

520 

0,952550 

1,055329 

85 

0.863068 

1.157602 

500 

0,953378 

1 .05*207 

60 

0.865655 

1.152072 

560 

0,650163 

1,0531*9 

95 

0.866051 

1.107023 

580 

0.950608 

1.0521*9 

100 

0,900280 

1 , 1 O2020 

600 

0,655617 

1,051203 

105 

0,602367 

1.138202 

650 

0,657251 

1 .0*90*0 

110 

0.600318 

1.130320 

700 

0.958713 

1.0*7126 

115 

0.606150 

1,130731 

750 

0.660032 

1.0*5*15 

120 

0.907876 

1.127002 

800 

0,6612.30 

1,0*387* 

125 

0,909506 

1,120303 

850 

0,662320 

1,002*78 

110 

0.611008 

1, 121«09 

900 

0,963326 

1.0*1205 

135 

0,612509 

1,118699 

950 

0,96*257 

1 .000036 

iao 

0,613898 

1.116150 

1000 

0,665116 

1 ,038963 

105 

0,615220 

1.113760 

1100 

0,666660 

1.037006 

150 

0.916080 

1.111501 

1200 

0,668013 

1.035382 

160 

0,918833 

1.107303 

1300 

0.669212 

1,03392? 

170 

0.920660 

1,«  03600 

1000 

0.970263 

1.032626 

180 

*0,922677 

1.100208 

1500 

0,971208 

1,031*66 

l^O 

0 * 62081 5 

1,097117 

2000 

0,970959 

1,027075 
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TABLE  C. 4-2 


95  PERCENT  CONFIDENCE  INTERVAL  LIMITS, 
GAUSSIAN  RANDOM  VARIABLES,  q TRIALS 
(n  - 1.960) 


IV 

£ 

P 

q 

£ 

P 

20 

0.701040 

1,637247 

200 

0.414210 

1.113366 

22 

0,749|?2 

1,343924 

210 

0.916033 

1.112299 

¥* 

C,79fcfl?1 

1,534103 

220 

0.917740 

1,109265 

2* 

0,002092 

1,497409 

230 

0,919342 

1.106433 

2« 

0,007546 

1,464009 

240 

0.920650 

1,103040 

SO 

0,41 ?5?3 

1.433490 

230 

0.422274 

1,101402 

32 

0.017007 

1 ,411156 

260 

0.4236*0 

1,099121 

34 

0,021294 

1,340109 

270 

0,924696 

1,096962 

36 

0,025201 

1.371643 

260 

0.926107 

1.094970 

30 

0*020632 

1,353420 

290 

0.427234 

1,093074 

4G 

0.432223 

1.340917 

300 

0.920330 

1.091263 

42 

0. 035400 

1.327093 

320 

0.930407 

1 .007900 

44 

0,036146 

1.316127 

340 

0.932264 

1,064994 

46 

0,041199 

1,3094.30 

360 

0.934012 

1 .062293 

46 

0,043656 

1,295636 

360 

0.435610 

1. 074022 

30 

0.046373 

1.266683 

400 

0.437044 

1.077534 

35 

0.052123 

1.267130 

420 

0.430476 

1 . 0754*3 

60 

0.037222 

1.250039 

043 

0.939769 

1.073527 

65 

0,061704 

1 ,236949 

460 

0,440900 

1.071729 

TO 

0,663911 

1,223064 

400 

0.942120 

1.070053 

73 

0.069659 

1,214634 

500 

0.943193 

1,060465 

00 

0,673007 

1,209476 

520 

0.944200 

1.067016 

65 

0.076240 

1.147300 

540 

0.943169 

1,065634 

40 

0,074151 

1.109400 

560 

0,946060 

1,064333 

45 

0,061057 

1,103362 

560 

0,946944 

1.063104 

100 

0.004375 

1,177340 

600 

0,447770 

1.061940 

105 

0.006724 

1,171056 

630 

0,449670 

1,054266 

no 

0,600936 

1.166013 

700 

0,451372 

1,036436 

115 

0.091011 

1.162165 

750 

0,432908 

1,054843 

120 

0,092467 

1.137663 

•00 

0,954305 

1,052936 

123 

0.994615 

1.153067 

•50 

0,455361 

1.051251 

130 

0,096566 

1,150143 

too 

0,956754 

1,044696 

135 

0,090227 

1,146662 

950 

0.437037 

1.046271 

140 

0,094006 

1,143400 

1000 

0.958040 

1.046960 

143 

0,401304 

1.140335 

1100 

0,460604 

1,044624 

150 

0,902744 

1.137449 

1200 

0,462229 

1,042600 

160 

0,903425 

1.132145 

1300 

0,963632 

1,040623 

170 

0,407003 

1.127305 

1400 

0,964667 

1,034246 

109 

0,910154 

1.123061 

1500 

0,966016 

1,037640 

140 

0,912256 

1.119167 

2090 

0,470373 

1,032517 
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TAHI.K  C.4-B 

99  PERCENT  CONFIDENCE  INTERVAL  LIMITS, 
GAUSSIAN  RANDOM  VARIABLES,  q TRIALS 
(n  - 2.576) 


M 

L 

P 

200 

0. 09149 7 

1 , moa.i 

210 

0,893721 

1 . 156225 

220 

0,895.106 

1,151  /53 

230 

0.897765 

1 . 1 476?  » 

2 (1 0 

0 ,899s>l  3 

1,14379s 

250 

0.901 358 

1 , 1 4 2 3 6 

2*0 

0.903010 

1 .136415 

270 

0.90US78 

1 .133MP7 

260 

0,906068 

1,130891 

290 

0.907*487 

1,126109 

300 

0,9080*40 

1.125563 

320 

0.9H370 

1 .120609 

340 

0.9l3f>90 

1 , 1 1 o 6 J 3 

360 

0,915830 

1,112663 

3B0 

0,917611 

1.109134 

400 

0.919653 

1 . 1 059i 2 

420 

0.921371 

1.102945 

«ao 

0 , 922979 

1 .106204 

460 

0 .929488 

1.097662 

480 

0.925909 

1,095298 

500 

0.927249 

1,093091 

520 

0.928517 

1.091024 

540 

0.92«718 

1 .084065 

560 

0.930858 

1,087260 

580 

0.9J19U2 

! ,0«’>S39 

600 

0.932976 

1,083913 

650 

0.935359 

1,080208 

700 

0.937498 

S ,076940 

750 

0.939431 

1,074030 

800 

0,941191 

l,07t«l8 

850 

0,942601 

1 .069057 

900 

0 .944282 

1 ,066909 

950 

0, 94*651 

1,064945 

iOOO 

0,946920 

1 ,063139 

1100 

0,949208 

1,059929 

1200 

0,951216 

1,057152 

1300 

0,952999 

1 ,054720 

1400 

0.954595 

1,052569 

1500 

0,956035 

1,050647 

2000 

0,961594 

1,043409 

f| 

P 

P 

20 

0,738071 

2.467137 

22 

0.746410 

2.208189 

24 

0,753870 

2.039417 

26 

0,760604 

1 ,919369 

28 

0.766728 

1 .828951 

30 

0.772334 

1 .756031 

32 

0,777496 

1 ,700693 

34 

0,782271 

t .653232 

36 

0.7*6709 

1.613199 

38 

0,790849 

1,576906 

«0 

0,7*4725 

1 .549151 

42 

0.798365 

1 .523048 

44 

0,801794 

1 .499936 

46 

0.605031 

1 ,479303 

48 

0.606095 

t ,460754 

50 

0.811001 

1.443971 

53 

0,817664 

1 .408197 

60 

0,823597 

1.379144 

65 

0.826928 

1.355002 

70 

0.633757 

1.334565 

75 

0.636160 

1.317003 

60 

0.642199 

1,301717 

65 

0,845922 

1 ,288269 

40 

0.849371 

1.276330 

95 

0.852579 

1 .265644 

100 

0,855572 

1 .256012 

105 

0.856376 

1 .247278 

no 

0,861009 

1,239313 

115 

0,863489 

1 .232014 

120 

0,865631 

1*225295 

125 

0,868047 

1 .219087 

130 

0,870148 

1 .213328 

135 

0,872145 

» .207969 

140 

0,674046 

1,202966 

145 

0,875856 

1.196263 

150 

0.677569 

1.193888 

160 

0 ,680830 

1,185656 

170 

0,883810 

1 ,178686 

180 

0,666563 

1 .172238 

190 

0,689118 

1.166402  j 
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